Large Deformation Problem of Solid

Application of Finite Element Method




Phenomena such as fallure & brea kage
are often required to be simulated



Failure & _ Large
Breakage  Deformation

Solid fracture often occurs during large deformation



A very popular numerical simulation method

Finite Element Method



Equation of Equilibrium Finite Element Method

ftda+jbdv=0 X jw-rdv=0
S B B



Equation of Equilibrium
for Large Deformation Problem
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Equation of Equilibrium
for Large Deformation Problem
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External Force vector
for all nodes
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Stress vector
at each integral node
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Linear B matrix

The same matrix as
an infinitesimal deformation problem
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Linear B matrix Non-linear B matrix

The same matrix as + Only used for
infinitesimal deformation problem large deformation problem
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Finally

we can summarize it into

=[] B sl



To solve To solve

Failure & Breakage = P _
problem {FZ}_L[ B ]{s}dv



It is solvable
when constitutive model is substituted
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It is solvable
when substituting strain-stress relation
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To solve

=Ll B ] o ][ Bravy



Or

rewrite the matrix multiplication into the form

o




Seems easy?
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Where does this equation come from?

-1 B sl



Where does this equation come from?
Expand B matrix
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The starting point is
Equation of Equilibrium

Jtda+fbdv=0
S B

And



Deformation Gradient Tensor

dx = FdX



Equation of Deformation
Equilibrium Gradient Tensor

ftda+jbdv=o X dx = FdX
S B



Traction (surface force) Body force

tda+ | bdv=20

S B Zero vector



Traction (surface force)

t da
S



Traction (surface force)

jtda
S

Stress vector

«++Internal force per unit area
Load

Global
Area . B

// ‘ Reaction force

Forces acting on the whole system- - - Forces acting locally- - -

External force Internal force

Surface : S




Stress Vector depends on
the direction of cross-section




Cross-section is defined by
its unit normal vector
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n’ Unit normal vector



Stress Tensor can be applied
to all directions




Stress Vector is derived from
Stress Tensor and cross-section

L = f(o-; n) .sz’zam




Cross-section x
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Cross-section x Cross-section y
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Cross-section x Cross-section y Cross-section z
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Cross-section x Cross-section y Cross-section z Arbitrary cross-section
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Cross-section xCross-section y Cross-section z Arbitrary cross-section
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Cross-section x Cross-section y Cross-section z Arbitrary cross-section
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Matrix form
of stress tensor




Traction

t = [o] {n}

Matrix form of Unit normal vector
stress tensor of cross-section



Matrix form of Stress Tensor is symmetric
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Then transpose can be
cancelled out

t = [o]in;



Substitute |t = [¢]"{n}

|

into ftda+fbdv=0
[U]Tnda+fbdv=0
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Divergence Theorem
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Divergence Theorem
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Equation of Equilibrium




Equation of Equilibrium

{a”ﬁ} b = 0




Equation of Equilibrium

aO'ji -

0

Body force is often ignored




Solve Differential Equation
Numerically
by Finite Element Method



Equation of Equilibrium

aO'jl' B

External loads -
Boundary condition

u(x,y,z)
0 m=p {v(x,y,Z)}

w(x,y,Zz)

deformation



Substitute numerical solutions

Numerical solutions

d0;j; U
External loads m) Ji { }
" —1r; <mm v
Boundary condition _ l
0x; w
substitute

Get residual equation



. ) i Find the numerical solutions
Find the numerical solutions __

. L : — Wwhere the average of
which minimizes the residual ) : .
weighted residual vanishes

Weight vector

w-rdv=>0
Inner Residual
B Product Vector

The whole system



Substitute Equation of Equilibrium
into weighted residual equation

J {or)- (s} av =0

Then
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By divergence theorem
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Equation of Equilibrium
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(inner product of tensor)
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Weighted Residual Equation
is defined for the whole system

[ (- {e)aa= [ [5]:[] o

Traction Stress
on the surface of the whole
of system system [




Traction on the surface of system

4

External force
‘e Concentrated loads
_* Distributed loads




Deformation and Weight are replaced by approximate solutions

aa)i
f {w} . {t}da — f [ax,-] : [0-]1] dv
Before substitution, S B
Make it into a weak form
substitutef

approximate solutions
n n n
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Finally, the left-hand side of finite element equation
becomes the load vector for each degree of freedom

[[@)-{e)aa= [ [:] fo] o
fy= fy}\ Ut'
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fr= f}/» {2}

fzi



And the right-hand side of finite element equation
becomes the stiffness vector and deformation vector




Concentrated load is a Delta function

| 2 [ Whenx =0
el = e i
0.85—

06 With height = «, width = 0, and area = 1
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Dirac delta function



How to use Delta function

Any function

f_oo 85(x — xo)F(x)dx = F(xo)

\ Returns the value
Impulse at x = x, only at x = x

]

‘0 X0 X




Traction on the surface of system
is the concentrated loads on all nodes

Y . () (o +8(x — x;) forp +0)
B A St =9 +to(x—x)f) +p
Position of node JF‘(){ i}' >, f L L -|-5(x — xi)fzi +'”)
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Z . . .
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Most terms are zeros
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By interpolation
approximate solutions

of weight
w; = (D'{N
Y
3%1 nx1 {N}
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N}

{t}da
\

degree of freedom

The impulse of

\

N;(x,y,z) equal to 1 at node j
0 at all other nodes

Traction on the
surface of system

Concentrated loads

t is Delta function X of each direction
at each node

at each node



3 (number of dimensions)
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3 (number of dimensions)
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3 (number of dimensions)
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3 (number of dimensions)
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L Nj(x,y,z) ) (Z 5(x — xk) ) ka) da

= j (2 6(x —x;) - Ni(x,y, Z)ka) da
S\%
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Only load vector at each node remains
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Next deal with
the right-hand side

{f )
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{f 2} ! e
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Traction on U )] _ - {U}
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dimension=3 (directions)
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Right hand side is
Numerical integral at each node
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Transform stress to deformation



Assume Hooke’s Law for strain-stress relation
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Transform stress to strain



Apply

Infinitesimal
Deformation
Theorem

to
Strain-Deformation
Relation
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Replace deformation by
approximate solutions
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If stiffness matrix [K| can be calculated
Then we got numerical solutions

() =U [B][D] [B]Td%{u} ) {{f} 7[!(] {u}}

After applying boundary condition
Solve the group of equations
(matrix inverse problem)

Infinitesimal deformation is the basic assumption



Infinitesimal strain is not zero
Because of rotation of rigid body

0

ax
G

(€11 ) dy
E9 0

€33 | 0z l;
2812 10 0

2823 dy 0x

A

\2€31) a0
az 3y Redefine strain
0 o to cancel out the influence of
0z dx transition and rotation of rigid body,

so that strain is infinitesimal



Initial m
state state
@ y @/\ dX
X > dx~

Decompose to
Rotation and expansion

8 3

ignore strain<dmmp stress

(applicable to large deformation)




Components of
Deformation Gradient Tensor

- 0xq; 0xq; O0xq 7]
dxl 9X, 0X, 0X
dx _ dx, 0x, 0x,
2( — | ox, ox, ox;
dx 0x; 0x3 O0x3
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Total derivative

dx

0x

0X

dx

ax + 2 av + 4z
Y

$

dx4
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0X4
dx,

0X,
dx,

0X3
dx,

0X,
x5

0X,
x5

00X
x5

| X,

X,

X,

F

07




Deformation Gradient Tensor

0x; g’

{dx;} = B_X] {dX;} dx

j: dummy index



Deformation Gradient Tensor

dX
N

dx = FdX dx



Deformation Vector
and
Deformation Gradient Tensor
u=x—X
u+du=x+dx) — (X +dX)
=x—X+dx—dX
=u-+dx —dX

du =dx - dX
FdX —dX = (F-1)dX

dx = FdX

Current

stat
<P

dx



[du= (F—I)dX}ﬁ[du= %]dX}
0X;




dx = FdX

Deformation gradient F

Can be decomposed
2 ways

Rigid body
Y Trotation

Initial /

state

Right stretch tensor

Rotation R and stretch U

defoarmati

|

an

y F=VR}

Rigid body
rotation



Stress is derived from stretch tensor
F=RU=VR

Rotation tensor is desired to be cancelled out



Orthogonal matrix

Symeetric matrix _
%

F = RU F=VR

FTF = UTRTRU FFT = VRRTVT
— Ty =Vvv!

:Uz :VZ




Green-Lagrange strain

dx1 . dxz —_ (FXm) . (FdXZ)
= dX{FTFdX,
— dX}‘UZdXZ

[ Ou; ou;
U =F'F <_6XJ+I><_6X]-]+I)

[Ouy, Ouy, ou; ou;
= + + ==+ 1

ZEU Original length

Current state




Total derivative

de = Zax + Zav 1 9% 4y g;cl =
T vt Tz dr.
Partial derivative
o0 _ 900X dwdY 9wz g;g;ﬁ
— 2
dx 0Xodx O0Y odx 07 0x 9/
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Deformation gradient tensor
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_|0x; 0xy; Oxy||0X; | |0Xz| 0X;
0X, 0X, 0X3|[0xq||0x,| Ox3
0x3 0x3 O0x3||0X3||0X5| 0X;
10X, 0X, an_&& 0x3 |
1 0 O

=10 1 0
0 0 1

Diagonal component

dx, 0X; 0x10X, 0xq10X;
0X,0x; 0X,0x; 0X30xq
X1
= o=
Non-diagonal component
_— 9x,0X, 0x,0X, 0x,0X;
0X,0x, 0X,0x, 0X30x,
X1
— o =




Transform x and yto a and b
Using F

Cross production of 2 vectors [ axb = (Fx) X (Fy) }

Nanson’s equation

after coordination transform

aq bl a2b3 — a3b2 FijjF3lyl _F3jij21yl inF3j(Xiyj _xjyi)
{az} X by p = ashy — aybs ¢= { F3jxiFuy — FijxiFayy o = FaiFy (o — X94)

as b3 aib; —azby FijxiFa1y1 — Fa5xiFy, FiFyi(xy; — %)
N /!

[ai = Fijxj b, = Flel]

F22F33_F23F32 F21F33_F23F31 F22F33_F23F32
F32F13_F33F12 F31F13_F33F31 F31F32_F32F31
F12F23_F13F22 F11F23_F13F21 F11F22_F12F21

[= JE(x x y)}

X2Y3 — X3)2
X3Y1 — X1)Y3

X1Y2 — X2V1




Nanson'’s equation

= JF~TdA

dA = NdA = dX, x dX,
da = nda = dx; X dx,

= (FdX,) x (FdX,)
= JF~T(dX,; x dX,)

-

-

nda = JF~TNdA

~

J




Loads that
is transformed from .
load p at initial state

Deformation Gradient : F

Initial state : X [ dp = FdP ]

deformation : u

Current state : x ,, load : p



Virtual force Real force
at initial state at current state JLUZ:JH Cauchy stress [0‘]

dp

— . I dv = (dx; X dx,) - dx;
o [2E

Only magnitudes
- are the same

j[ o ndaﬂNanson's equation - Kirchhoff stress
1o]TF-TNdA 2% [w] = ]lo]

T2 Ty

-1 . —T J—?z . dV = (dX; x dX,) - dX;
T[F }NdA ms = JF~T(dx; x dx,) - Fdx;

/[A
~—1Ir 'q = J(dx; X dx,)TF~1Fdx,
T F H dA } = J(dx; x dx,)Tdx; = Jdv
2 Return to original

[: 'S]TNCAJ (nominal stress) deformation

15t Piola-Kirchhoff stress [H] = F_1 [Tl']

Q.
~
)
Q.
"c
|

%)
N
N

e

N

%)
=
(5N

(pseudo stress)  Apply symmetry '
2nd Pjola-Kirchhoff stress [S] — [H]F_T



2"d Piola-Kirchhoff stress

[S] =JF~[a]F~"



011 = F1;5ijF1; = F11511F11 + F11512F12 + F11513F13 + F12521F11 + F12520F12 + F12523F13 + Fi3S31F11 + Fi3S35F15 + Fi3S533F;3
022 = F3i5ijFpj = F51511F01 + F21512F22 + F21513F23 + F22501F21 + F22522F00 + F22523F03 + F23S31F21 + Fo3S32F5; + F23533F23
033 = F3;5;jF3j = F31S11F31 + F31512F33 + F31813F33 + F335,1F31 + F33825F35 + F335,3F33 + F33531F31 + F3353,F3;5 + F33533F33
012 = F1;SijF2; = F11511F21 + F11512F22 + F11513F23 + F12521F21 + F12522F22 + F12523F23 + F13531F21 + Fi3532F%; + Fi3533F33
023 = I2iSijI5j = F21511F31 + Fo1812F32 + F21513F33 + F22521F31 + F22520F35 + Fo2823F33 + F23531F31 + Fp3832F30 + F3533F33

031 = F3;SijF1j = F31811F11 + F31512F12 + F31S13F13 + F32821F11 + F32855F15 + F355:3F 3 + F33831F11 + F33532F15 + F33533F3

(011 (F11F11 FioFi2  FisFis 2F;1F;, 2F;5F 3 2F;1F;3 1 (S11)
022 Fy1Fy1  FapFyy  FazFos 2F51 Fy; 2F;,F53 2F;1Fy3 S22
) 033 , — F31F317  F33F3; F33F33 2F3,F3; 2F3,F33 2F3,F33 ) S33 |

Fi1Fy1  FioFyy FisFas  FiiFop + FioFyy  FioFos + FisFyy  FiiFoz + FisFoq || S12
023 Fy1F31  FyuFsy Fo3F3s FoiFsp + FyuFsy  FopFzs + Fo3F3y  FoFiz+ FosFzq || S2s
F31F11  F33F15 F33F 3 F31Fip+ F3pFy  F3pFi3 + F33F,  F31Fi3 + F33F;11 \S31)




right hand side of equation of equilibrium
of finite element method

/]

an'
an

[qlodav=w wr |
B

011
022
033
012
023
031/

[ON

ox

[F11F14
F1F>,
F31F3,
Fi1F34
F1F3

[F31F11

Fi2Fp;
FyaFy
F3,F3,
FipF5
FyyF3;
F3,F1,

oON ON7
- —_ 11911
dy 0z ||| 022
ON ON ) 033 4
— — v
Jdx 0z 012
ON ON||| 923
S . S _|I\O31)
0 0x 31
y - L}
substitute
Fi3Fi3 2F;11F1, 2F,F;3
Fy3F53 2F;1Fy; 2F5,F3
F33F33 2F31F3; 2F3;F33
FisFy3  Fi1Fyp + FipFyy FipFp3 + FisFy,
Fy3F33  FyiF3p + FopF3q  FppF3s3 + Fy3Fs;
F33Fi3  F31Fip + F33F1  F33F 3 + F33F;;

2F;1F;3
2F;1F)3
2F31F33

<
Fi1Fy3 + Fi3Fy

Fy1F33 + Fp3F3,

F31Fi3 + F33F;4 ]




B matrix in current state

N ON
ox ay
ON ON
ay ax

ON

0z

oN

0z

oN

dy

Transform matrix from real stress to pseudo stress

N (F11F11 FioFip FizFis 2F11F1p
0Z ||F31Fy1  FaaFpp  Fp3Fog 2F31F>;
F31F31 F32F3; F33k33 2F31F3;
Fi1F21  FioFap  Fi3Fp3  Fi1Fpp + Fioko
ON ||F21F31 F22F32 Fa3F33  FaiF3p + FapF3g
ox |UsiFin FsaFip FzzFiz F3qFip + F3pkg
Hxl- aui
Fij ~ 3y and Fl] _07_'_51]
] ]

2F 5 F;3

2F5;F3

2F3,F33
FiyFy3 + Fi3F;
FypF33 + Fy3F3;
F3;F 3 + F33F;

2F1F;3

2F51F3

2F31F33
Fi1Fy3 + Fi3F)4
Fy1F33 + Fy3F3,
F31Fi3 + F33F;4]




B matrix in current state Transform matrix from real stress to pseudo stress

N N\
E’_"’ N ONIIF1Fyy| FiaFip FisFis  2FyFy 2Fy,Fy3 2Fy1 Fi3
0x oy 0z ||\Fy1Fyy| FyuFpy Fo3Fpz 2F;1F, 2F;,F)3 2F1F3
B_N B_N a_N F31F31| F33F35 F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z Fi1F1| FiaFyp Fi3Fys  Fi1Fop + FioFy  FioFos + FisFyy  FiiFoz + Fi3Fyy
ON ON ON||F21F31| FaoF3y Fy3Fzs FoiFsp + FopFsy  FypFzs + FysF3y  FyiFzs + Fasksg
9z dy ox| F31F11) F3pFip FzsFiz F31Fip + F3pFy  F3pFi3+ F33Fp  F31Fp3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]

ON ON ON
aFnFn + EF11F21 + £F31F11




B matrix in current state Transform matrix from real stress to pseudo stress

N N\
E’_"’ N ONIIF1Fyy| FiaFip FisFis  2FyFy 2Fy,Fy3 2Fy1 Fi3
0x oy 0z ||\Fy1Fyy| FyuFpy Fo3Fpz 2F;1F, 2F;,F)3 2F1F3
B_N B_N a_N F31F31| F33F35 F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z Fi1F1| FiaFyp Fi3Fys  Fi1Fop + FioFy  FioFos + FisFyy  FiiFoz + Fi3Fyy
ON ON ON||F21F31| FaoF3y Fy3Fzs FoiFsp + FopFsy  FypFzs + FysF3y  FyiFzs + Fasksg
9z dy ox| F31F11) F3pFip FzsFiz F31Fip + F3pFy  F3pFi3+ F33Fp  F31Fp3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]

ON oON oON
aFn + EFM + EF?J Fi4




B matrix in current state Transform matrix from real stress to pseudo stress

N N\
E’_"’ N ONIIF1Fyy| FiaFip FisFis  2FyFy 2Fy,Fy3 2Fy1 Fi3
0x oy 0z ||\Fy1Fyy| FyuFpy Fo3Fpz 2F;1F, 2F;,F)3 2F1F3
B_N B_N a_N F31F31| F33F35 F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z Fi1F1| FiaFyp Fi3Fys  Fi1Fop + FioFy  FioFos + FisFyy  FiiFoz + Fi3Fyy
ON ON ON||F21F31| FaoF3y Fy3Fzs FoiFsp + FopFsy  FypFzs + FysF3y  FyiFzs + Fasksg
9z dy ox| F31F11) F3pFip FzsFiz F31Fip + F3pFy  F3pFi3+ F33Fp  F31Fp3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]

ON dx :L/aN dy ;/aN dz\ (du +‘/1
dx 0X ' dy oXx ' 9z ax )\ ax




B matrix in current state Transform matrix from real stress to pseudo stress

N N\
E’_"’ N ONIIF1Fyy| FiaFip FisFis  2FyFy 2Fy,Fy3 2Fy1 Fi3
0x oy 0z ||\Fy1Fyy| FyuFpy Fo3Fpz 2F;1F, 2F;,F)3 2F1F3
B_N B_N a_N F31F31| F33F35 F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z Fi1F1| FiaFyp Fi3Fys  Fi1Fop + FioFy  FioFos + FisFyy  FiiFoz + Fi3Fyy
ON ON ON||F21F31| FaoF3y Fy3Fzs FoiFsp + FopFsy  FypFzs + FysF3y  FyiFzs + Fasksg
9z dy ox| F31F11) F3pFip FzsFiz F31Fip + F3pFy  F3pFi3+ F33Fp  F31Fp3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]

ON [du +1
oX \oX




B matrix in current state Transform matrix from real stress to pseudo stress

) N
E’_"’ N ONItFy Fyy |FiaFia| FisFis  2FiiFy 2Fy,Fy3 2Fy1 Fi3
0x oy 0z ||Fy1Fyy |FyuFpy| Fo3Faz 2F;1F, 2F;,F)3 2F1F3
B_N B_N a_N F31F31 |F32F3;| F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z Fi1Fy1 |FiaFap| Fi3Fys  Fi1Fop + FioFy  FioFos + FisFyy  FiFoz + Fi3Fyy
ON ON ON||F21F31 |Fa2F33| Fy3Fzs FoiFsp + FopFsy  FypFzg + FysF3y  FyiFzs + Fosksg
9z dy ox| |F31F11 |F32F12) F33Fi3  F31Fip + F3F1q F3pF3+ F33F;  F31Fi3 + F33F;4 ]
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]

ON [(du ON ou
ax \ox aY oY




B matrix in current state Transform matrix from real stress to pseudo stress

) N
E’_"’ N ONItF Fyy FiaFip |FisFis|  2FiiFo 2Fy,Fy3 2Fy1 Fi3
0x oy 0z ||Fy1Fyy  FyuFpy |FasFaz 2F;1F, 2F;,F)3 2F1F3
B_N B_N a_N F31F31  F33F3; |F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z Fi1Fy1  FipFyp |FisFo3| Fi1Fop + FioFy  FioFos + FisFyy  FiFoz + Fi3Fyy
ON ON ON||F21F31 FyuF3y |Fp3F33| FaiFsp + FopFsy  FypFss + FysF3y  FoiFzs + Fasksg
9z dy ox| |F31F11 F3pF1p |F33Fi3) F31Fip + F3pFyq F3pFi3+ F33Fip  F3Fi3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]

J J

aN [ ou aN du aN du
ax \ox aY oY 9Z 07




B matrix in current state

Transform matrix from real stress to pseudo stress

) Y
oN ON — ONVE,Fy| FoFi, FisFis  2FuFp 2F15Fry 2F;1Fry
0x ay 0Z || Fy1Faa| FraFap  FazFas 2F1Fy 2F);F)3 2F71Fy3
oN ON ON F31F3q| F3F3; F33F33 2F31F3; 2F3;F33 2F31F33
dy dx 0z N Fi1F21| Fi2F22  Fi3Foz Fi1Fpp + FipFp1 FipFos + Fi3Fyp  FiiFp3 + Fizkbag
oN ON ON ||F21F31| FaoFzp Fp3Fzz Fp1F3p + FopF3q FppFaz + Fp3Fzy  Fp1F33 + Fozkag
9z dy ox| F31F11) F3pF1p F33Fi3 F31Fip + F3oFyq F3pFi3+ Fa3Fip  F3Fi3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J) ]
dN [du dN du JdN ou
ax\ax ! 3Y oY 07 9Z

ON 0v
0X 0X




B matrix in current state

Transform matrix from real stress to pseudo stress

) _ e
oN N ONVR . Fyy |FoF| FisFis  2FuFp 2F15Fry 2F;1Fry
0x ay 0Z || Fy1Fp1 |F2aFzy| FazFas 2F1Fy 2F);F)3 2F71Fy3
oN ON ON F31F31 |F32F35| F33F33 2F31F3; 2F3;F33 2F31F33
dy dx 0z N Fi1F21 |Fi2Fz2| Fi3Fez  Fi1Fop + FiaFp1 FiaFos + Fi3Fpp  FiiFp3 + Fizkbag
oN ON ON ||F21F31 |Fa2F3a| Fa3F33 Fp1F3p + FopF3q FppkFaz + Fp3Fzy  Fp1F33 + Fozkag
9z dy ox| |F31F11 |F32F13) F33Fi3 F31Fip + F3pFyq F3pFi3+ F33Fip  F3Fi3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J) ]
dN [du dN du JdN ou
ax\ax ! 3Y oY 07 9Z
— oN dv oN [ov
oxox | av\ar 1!




B matrix in current state

Transform matrix from real stress to pseudo stress

) _ —\
oN ON - ONIR.Fyy FioFi, |FisFis|  2FuFp 2F15Fry 2F;1Fry
0x ay 0Z || Fy1Fa1  FaFap |FazFas 2F1Fy 2F);F)3 2F71Fy3
oN ON ON F31F31 F33F3; |F33F33 2F31F3; 2F3;F33 2F31F33
dy dx 0z N F11F21 Fi2Fz2 |Fi3Fe3| Fi1Fop + FiaFa1 FiaFos + Fi3Fpp  FiiFp3 + Fizkbag
oN ON ON ||F21F31 FaoFzp |Fp3F33| Fa1F3p + FopF31 FppkFaz + Fp3Fzy  Fp1F33 + Fozkag
9z dy ox| |F31F11 F3pF1p |F33Fi3) F31Fip + F3pFyq F3pFi3+ F33Fip  F3Fi3 + F33F4)
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J) ]
dN [du dN du JdN ou
ax\ax ! 3Y oY 07 9Z
_ dN dv dN [ ov dN ov
oxox | ar\ar T1 0Z 07




B matrix in current state

Transform matrix from real stress to pseudo stress

) _ ~
N N ONVF\ Fiy FiaFip FisFis|  2FyFy 2Fy,Fy3 2Fy1 Fi3
0x oy 0z ([Fy1Fyy  FyuFpy  FosFas 2F;1F, 2F;,F)3 2F;51 F)3
B_N B_N a_N F31F31  F33F3; F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z | Fi1Fy1  FipFyp  FisFo3| Fi1Fop + FioFy  FioFos + FisFyy  FiiFoz + Fi3Fyy
ON ON ON||F21F31 FyaF3y Fy3Fzs| FaiFsp + FopFsq  FypFzs + FysF3y  FoiFzs + Fosksg
9z dy a) F31F11 F3F;; F33F13) F31Fip + F3pF11  F3pFi3+ F33Fi;  F31Fi3 + F33F
g% g g =
.. = an . — — .
Y 0X: Y 0X: H
J ]
dN [ou ON Ju dN ou
ax\ax ! 3Y 9y 37 97
JN 0v ON [0v dN dv
X X ar\ar 71 97 07
dN ow dN ow dN (odw
aX 0X oY aY az\az t1




B matrix in current state

Transform matrix from real stress to pseudo stress

N - N
oN N ONVFuFy FiaFi, FisFis | 2FuFp 2F15Fr 2F;1Fr
0x ay 0Z || Fy1Fa1  FaFzp  Fa3Fag 2F1Fy 2F);F)3 2F71Fy3
oN oN oN F31F31 F33F3; F33F33 2F31F3; 2F3;F33 2F31F33
dy ox 0z Fi1F31 FioFop  FizFps | Fi1Fop + FipFpq | FipFoz + Fi3Fpy  Fi1Fp3 + Fi3Fog
oN ON ON ||[F21F31 FaoFzp Fp3Fzsz | Fo1F3p + FopF31| FppkFaz + Fp3Fzy  Fp1F33 + Fo3kag
9z 9y ox|Usitin FapFia Fasbiz ( FagFip + FapFyy) FapFiz + FasbFip FagFiz + Fazhg
Oxl- aui
Fl] _aX and Fl] _ﬁ-l_gl]
J) ]
oN (0 dN 0 N oN oN oN
ﬁ(% + 1) W% ﬁ% EZFnFn + E(FHFZZ + FipF1) + Z(FMFH + F35F11)
ON dv N (6_17 N 1) ON v
X 0X ay \ay Z 0Z
ON ow ON dw N (a_w N 1)
X 0X ay oy oz \ oz




B matrix in current state

Transform matrix from real stress to pseudo stress

N - ~N
N N ON\FuFy FipFip FisFig | 2FyFp 2F;5Fy3 2F; Fy3
0x ay 0Z || Fy1Fp1  FpaFap  FazFas 2F1Fy 2F);F)3 2F71Fy3
oN oN oN F31F31 F33F3; F33F33 2F31F3; 2F3;F33 2F31F33
dy ox 0z Fi1F31 FioFop  FizFps | Fi1Fop + FipFpq | FipFoz + Fi3Fpy  Fi1Fp3 + Fi3Fog
oN ON ON (| F21F31 FapFzp Fo3Fz3 | Fp1F3p + FopF3q| FopFzz + Fo3Fzy  Fp1F33 + Fy3k3
9z 9y ox|Usitin FapFia Fasbiz ( FagFip + FapFyy) FapFiz + FasbFip FagFiz + Fazhg
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J) J)
N (o 4 ON Ou ON ou ON FoiFiy + FuuFig) + S (FuiFoy + FiaFyt) + o (FyrFyy + FyF
ax \ax TG 3732 a( 11512 + F11 12)+$( 11F22 + F12 21)+£( 31F12 + F32F11)
ON ov oN (6_17 N 1) ON v
X 0X ay \ay Z 0Z
ON dw ON ow N (0_w+ 1)
X 0X aYy oy oz \ oz




B matrix in current state

Transform matrix from real stress to pseudo stress

= 4 N
N N ON\Fi1Fiy FioFip FisFis | 2FiFy 2F;2Fs 2F; 1 Fis
0x oy 0Z ||Fy1Fy1  FaoFay  Fa3Fas 2F;1F; 2F;,F3 2F1F3
a_N B_N O_N F31F31 F33F3; F33F33 2F3,F3; 2F3,F33 2F31F33
dy ox 0z Fi1Fy1  FipFyy  FigFos | FiiFop + FioFog | FioFos + FisFyy  FiiFoz + Fizkoq
ON ON ON ||F21F31 FaxFsp Fy3Fzs | Fa1F3y + FopkFaq| Fopkbsz + FyzFzy  FpFzz + FazFag
9z dy ox| F31F11 FsoFip  Faalis | FaiFip + Fapla) FsoFis 4 Fa3Fip  F3qFiz + Faahy
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]
ON [0u dN du JN ou ON ON ON d
ﬁ(ﬁ"‘l) v ar 3737 (aFn oy 2t 5 F32>F11 +<6 F1q EFu"‘ 3 F31>F12
ON ov oN (6_17 N 1) ON v
X 0X ay \ay 97 0Z
ON ow ON ow 0_N<a_w+ 1)
X 0X Y oY 0z \ 3z




B matrix in current state

Transform matrix from real stress to pseudo stress

= 4 N
N N ON\Fi1Fiy FioFip FisFis | 2FiFy 2F;2Fs 2F; 1 Fis
0x oy 0Z ||Fy1Fy1  FaoFay  Fa3Fas 2F;1F; 2F;,F3 2F1F3
a_N G_N a_N F31F31 F33F3; F33F33 2F3,F3; 2F3,F33 2F31F33
dy ox 0z Fi1Fy1  FipFyy  FigFos | FiiFop + FioFog | FioFos + FisFyy  FiiFoz + Fizkoq
oN ON ON ||F21F31 FaxFsp Fy3Fzs | Fa1F3y + FopkFaq| Fopkbsz + FyzFzy  FpFzz + FazFag
9z dy ox| F31F11 FsoFip  Faalis | FaiFip + Fapla) FsoFis 4 Fa3Fip  F3qFiz + Faahy
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]
ON (du 1 dN ou dN ou ONOx ONOJy ONOz)\ [du " ONJdx ONJdy ONJz\adu
ﬁ(ﬁJ’ av oy o797 (EWJ’EWJFEW ax 1) \Grax Tayax T asax )y
ON ov oN (6_17 N 1) ON v
X 0X ay \ay 97 0Z
ON ow ON ow 0_N<a_w+ 1)
X 0X Y oY 0z \ 3z




B matrix in current state

Transform matrix from real stress to pseudo stress

= 4 N
N N ONItFy Fiy FioFip, FisFis | 2FyFyy 2Fy;Fy3 2F,1 Fy3
0x oy 0Z ||Fy1Fy1  FaoFay  Fa3Fas 2F;1F; 2F;,F3 2F1F3
a_N G_N a_N F31F31  F33F3; F33F33 2F31F3, 2F3;F33 2F31F33
dy ox 0z Fi1Fy1  FipFyy  FigFos | FiiFop + FioFog | FioFos + FisFyy  FiiFoz + Fizkoq
ON ON ON ||F21F31 FaxFsp Fy3Fzs | Fa1F3y + FopkFaq| Fopkbsz + FyzFzy  FpFzz + FazFag
9z dy ox| F31F11 FsoFip  Faalis | FaiFip + Fapla) FsoFis 4 Fa3Fip  F3qFiz + Faahy
axi aui
Fl] _aX and Fl] _ﬁ-l_gl]
J ]
ON (ou L dN ou ON Ju ON (ou ON du
ax\ax t av ay A av\ax T 1) taxar
ON ov oN (6_17 N 1) ON v
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B matrix in current state

Transform matrix from real stress to pseudo stress

N - N
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B matrix in current state Transform matrix from real stress to pseudo stress

N - ~
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B matrix in current state Transform matrix from real stress to pseudo stress

] _ s N
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B matrix in current state

Transform matrix from real stress to pseudo stress

) ] - N
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axi aui
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B matrix in current state Transform matrix from real stress to pseudo stress

) _ - ~N
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J ]
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B matrix in current state Transform matrix from real stress to pseudo stress

) ] e ~
6_N G_N 6_N F11F11 FioFip Fi3Fis 2F;1Fy 2F15F;3 2F )1 Fi3 7
0x oy az\ Fy1Fy1 FppFpy  FozkFoz 2F1Fy 2F);F)3 2F71Fy3
oN ON ON F31F31 F33F3; F33Fz3 2F31F3; 2F3;F33 2F31F33
dy Ox 0z N F11f21 Fi2Fo2  Fisfos |Fialap + Fiafor Fiplos + Fi3Fop FialFps + Fi3hy
oON ON ON ||F21F31 FaoFzp Fp3Fzz |Fa1F3p + FopF3q FppFaz + Fp3Fzy  Fp1F33 + Fozkag
9z dy ox| F31F11 F3oFip  Faaliz \FaiFip + Faplhy FaoFis + Fa3Fip FyqFi5 4 Fa3Fyq
axi aui
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[ON ON 0N

— — — | (911
ox dy 0z | | 0y,
ow; ON ON ON o
f[ ll [0i]dv = wT wT wT]j 5 - aizmv
ON ON ON||023
0z dy ox] 731/

011 = F1;5ijF1j = F11511F11 + F11512F12 + F11513F13 + F12521F11 + F1282:F12 + F12523F13 + Fi3531F1q + F13532F12 + F13S33F33
02 = F3;8ijF3j = F31811F21 + F21812F25 + F21813F23 + F23521Foq + Fp3855F55 + Fp3553F53 + Fa3831Fo1 + Fp3833F55 + F23533F3
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031 = F3;SijF1j = F31811F11 + F31812F12 + F31813F 3 + F338551F11 + F338555F 5 + F33853F 3 + F33531F11 + F33533F15 + F33533F;3

011\ [FiiFi1 Fi2Fiz FizFis 2F;1Fyp 2F2F13 2F11F3 1 (S11)
022 F21F31 FyaFa  Fo3kys 2F31F3; 2F3;F33 2F31F33 522
193\ _ F31F31  F33F3;  F33F33 2F31F3; 2F3;F33 2F31F33 ) 533

012 Fi1Fy  FioFy  Fi3Fy3 FiiFop + FioFyy  FioFos + Fi3Fyy  FiiFoz + FisFop | ] S12 }
023 Fy1F31 FyoF3p Fo3F33 Fp Fsp + FypFzy FopFzz+ Fo3F3y  Fo1Fag + FpzFaq| | S2s
\031)  |F3,F;y FsyFy; Fs3Fi3 F3iFip + FoFyy FypFis+ FasFip  FyqFis + FagFiq ] \S3)




a_N G_N 6_N (011
d0x dy 0z | | 055 3
aWi T T T aN aN 6N 033 ul
fb Ia_le t[oji]dv = [wT W] w3]fb 3 % 3z Yoo, (97 Fij = —an + 5ij
ON ON ON||923
= 5 35| \os1)
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oN ON 0N ||F21F31 FazFsz FazFsz |Fp1Fzp + FpuF3q | FauFzz3 + Fa3Fzy  FopiFyq + FazFaq| | Ss
i 9z @ Ox |UF31F11  F3pFiz FazFiz \FaiFip + FaoFyq) FaoFiz + FazFip FzqFiz + FagFip 1 \S31)
. J

oN oN oN
ax (2F11F12) + E (F11Fy + FioFpp) + 9z (F31F12 + F33F4)

oON oON oON oON oON oON

i ——Fi, + 3y “—Fy + 6_2F32 Fip+ aFn + @Fm + 6_2F31 Fi,
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ON N oudN
0X 90X oX
ov ON
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ou odN
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Ju dON
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Finally

it becomes
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How to solve?

(vector) (tensor) (tensor) (vector)

\ Now we are here /
U

Fy -
Fy :J[B]{Sij}dV =J[B][D]{Eij}dV = f [B][D][B]TdV{V}
B B B

[ Loads » Stress Strain Deformation

w



Definition of Green-Lagrange strain

iyl = 2 0X: 0X: ou OJudu OJvodv JOwow

L= Eun=gxtoxoxtoxox Taxax

e B 22
= dX]U%dX,
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127 92\9y " ox oaxay ' 9xay  oX ay
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237 92\0z 9y 9voz oYoz Y dZ

_1 6W+6u+6u6u+6v6v+awaw
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Numerical solutions of deformation

u= N | U Deformation vector on each discrete node
Substitute V=N-V -+ *notice the difference from rotation matrix U and V
approximate solutions N
w=N-W
( E ( ou OJudu OJvdv oOwow ﬁ_l_a_uﬂ 6_17@ a_wa_NT
11 ) ox Toxax Yoxax T axax oX " ox ox X X X 0X
E ov ouodu 0dOvov Owow dudN" @4_6_”% awoN"
22 ay Tavar Tavar Taray ov ov ov "oy oY oo
E ow Odudu Jvdv OJwaiw GRON" 9vON_ al+a_wal
—t——t—=—t+—— YA YA 97 0z 9z ' a7 oz
{E;j}= {rﬁ\ = 1u" 00 fouaul ovan " duan [ |V (00N ouolt) oM (010N 0coN") - (0u0W" ouon'
—t—H ===+ —— ay ' \ax ay ' ay ax ax ' \ax ay ' ay ax X aY ' aY oX
12 gi gfv 0X oY g)é g}; g;{, g:, dudNT ouoaNT ONT  (9vdNT o9vaNT\ oNT [dwoNT owaNT
Jgv ow Ju gvov owow — o + (= g — H———
2E23 aZ+ ay+ayaz ayaz+ Y 92 Y 0z ' a7 oy 9z ' \ay oz '8z ay Y Y aZ  aZ aY
ONT  (0udNT 0QuoNT dv ONT Qv aNT ONT [(OwoNT owoNT
ow Ou Oudu)\ dvdv OJwdw A e it grovy J9von. (= TR
\ZEBJ) Gx "oz azax “azax Tazax) L9z \ozox "ox oz dZ 30X ~ 0X 9Z ox " \0z ax ~ 9X 97 )]
Shear strain
in engineering field ouou_1(0udu 0udu) 1(0udN 0uoN
oxoy 2\oxay oavaox/) 2\oxay oy ax

Non-linear terms

There remains some unknown variables
But let's stop at here now



B

((')N+au6N 91 ON 0uoN N 9uoN 0udN 0uoN  0uoN 6N+6uaN+6u8N\
aX " 9X0X  ay oy 97 97 ay T axay "oy ox oY oz "oz oy 97 970X " 90Xz
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aw ON owoN ON owdN  owoN owoN ON owoN owdN ON owodN owoN
L axax ovay oz 9zoz oxov ‘avax oy ‘avez azav ox Tazox Tax 9z

A little different in shape- - -

we]

We hope they are in the same shape,
Then the stiffness matrix should be symmetric
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Eyj] =§<[ ul] [ u’] [ K uk]) The incremental form is
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Assumption of constitutive model

(511 A+ 2u A A 1 ( E11)
Sop A A+ 2u A E,,
) S33 | _ A A A+ 2‘11 ) E33
S12 o U 2E12
S23 U 233

\S31/ | U | \2E3)

2"d Piola-Kirchhoff stress Green-Lagrange strain

Kind of different from the reality, but it is simple enough

The more accurate the better



Assumption of constitutive model

1Sij} = [DIREy;}

Kind of different from the reality, but it is simple enough

The more accurate the better



There is no inverse matrix for stiffness matrix



Separate unknown and known (given)
One of load and deformation is known, and the remaining one is unknown

Fyx U

Fy ;= K {V}

F, W
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Erase unknown loads
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Move known deformation

0

foﬁ KFxU Kf'xﬁ fov KF)(W KFxW U
1V

Kfyﬁ KFYE Kf'yﬁ KI_:yV KI_:yW KFyW K
w

Kfzﬁ KFZE KF27 KFzV KFzW KFzW_ kWJ
()

Kr,o K7, v Kraw || g
Kz, 5 Kr,7 Ke,iv | 7 (

FyU FyV Fyw ||V

K7, o K77 Kr,w| ‘W’




Update the definition

Kr 7V — K7W Kz, o Kz, v Keui | |
= — = {ob
Ky 7V — Kg W Kr, o Kr, v Kew ||V
7 A7 _ | \w/
Kr, 7V — Kp,wW ) Kr.0 Kr,v Kr,w| W
Fy U
F=| k|
F, W

Applying boundary condition let us to inverse the matrix!
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Equation of
equilibrium

Stiffness matrix

Non-linear terms
are ignored initially
(because we can't

calculate them)
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(Wﬁ ﬁW)
INT (auaNT BHBNT)

az "\ozox Yox oz,
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Assumption of constitutive model

K] = j [B][D][B]"dv

u
v
w

S11 A+ 2u A A Ei1
S22 1 A+2u 2 Ez
S33 A A A+2u E33
S12 u 2Eq;
523 u 2E33
7 wl 2
ANT  QuoaNT v ONT dwaNT
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dudNT v aNT ONT awoNT
2297 XA oz Yoz oz
ONT 1 31(5NT+0110NT 5NT+1 BvaNT+5v3NT 1/0waNT owaNT
v t2\axay tavax ) ax T2\axar favax)  z\ax oy tavax
1/0udNT duaNT 6NT+1 dvANT Qv oNT BNT+1 dwaNT dwaNT
2\avaz Tz v oz *2\avoz Tazav) av T2\av ez Tz oy
GNT+1 auaNT+6u INT 1/9vaNT  dvaNT aNT+1 a\vaNT+a\v6NT
9z " 2\0z ox " 9X oz 2\azox Yox oz “ox "2\oz ox T ox oz

_ - 1-1 /&
Apply boundary conditions U FX
s | 77 | — K F
Fy Fx - KFXT/? - Kfﬁ‘__’ ~ KW K K fY
{T’y} =1{ Fy —Kg U — Kg jV — Kz W |14 i | FZ
Fal - \Fz = Kp,pU — K gV — Kg W Compute unknown deformation

U

|4
NTI\Ww
Update deformation distribution
at integral node

NT

NT

Iteration computation
Until converged



Shape function : NT

X P

Y » Q

YA R
Coordinate Local coordinate
of initial state for each element

Y Q Coordinate transformation into a cubic

)—»X J_.p whose edges are defined from -1 to 1
Z R



Shape function : NT

N; = —%(1—P)(1+Q)(1—R)(2+P—Q+R)

Py (-1
Ns =7 (1 - P)Y(1+Q)(1 - R?) -1/

Py (-1 v
N5=—%(1—P)(1+Q)(1+R)(2+P—Q—R) {g}_{é}

i-{1)8

1
Ny =5 (1-P)A-Q)H(1-R)

! |
N =-g(1-P)1-QU-R2+P+Q+R) :
! P 1 E N(1) = =1/8%x(1-X)*(1-Y)*(1-Z)* (2+X+Y+Z);
T4 B -0 _ - N(2) = 1/4x(1-2*2)*x(1-X)*(1-Y);
N5 = 4(1 P)Y(1—-Q*)(1+R) iQI:{_ll 1, ------ N(3) = ~1/8%(1-X)%(1-Y) % (142) % (24X+Y-2) ;
P -1 . R =1 ,,' N(4) = 1/4x(1-Y*2)*(1-X)*(1-Z);
[QI = { 0 } 5 > N(5) = 1/4x(1-Y*2)*(1-X)*(1+Z);
R 1 .2 (P -1 N(6) = =1/8%(1-X)*x(1+Y)*(1-Z)*(2+X-Y+Z) ;
1 . 2 {Q} B {_1} N(7) = 1/4x(1-2*2)*(1-X)*(1+Y);
N; = —5(1 -P)(1-Q0)(Q+R)2+P+Q—R) ot R 0 N(8) = —1/8%(1-X)*(1+Y)*(14Z) % (2+X-Y-Z) ;
Py (-1 el
o-[|3 6——e
Y Q R 1

1
N, = 7(1-P)(1 - Q)1 ~R?)
J—»X J—»P



=1/8%x(1-X)*(1-Y)*(1-2) * (2+X+Y+Z);
1/4x(1-222)x(1-X)*(1-Y);
=1/8%x(1-X)*(1-Y)*(1+42) * (2+X+Y-2);
1/4x(1-Y*2)*x(1-X)*(1-2);
1/4x(1-Y*2)*x(1-X)*(1+2);
=1/8%x(1-X)*(1+Y)*(1-2)* (2+X-Y+Z);
1/4%x(1-222)*(1-X)*(1+Y);
=1/8%x(1-X)*(1+Y)*(1+Z) * (2+X-Y-2);

1/4%x(1-X*2)*x(1-Y)*(1-2);
1/4%x(1-X*2)*x(1-Y)*(1+2);
1/4%(1-X*2)*(1+Y)*(1-2);
1/4%(1-X*2)*(1+Y)*(1+2) ;

1
Niz = 71 =P+ Q)L +R)

Shape function : NT

1

N4

" -f3

1
Z(1=P)(1 = Q)1 +R)

1
0} N5=Z(1_P2)(1+Q)(1—R)

1
No=7(01- PHA1-Q)(1—-R)



N(1) = =1/8x(1-X)*(1-Y)*(1-2) % (2+X+Y+Z);

N(Z); 1/4%(1-2°2)%(1-X)*(1-Y);

N(3) = -1/8*(1-X)*(1-Y)*(1+Z)* (2+X+Y-Z);

N(4) = 1/4x(1-Y*2)x(1-X)*(1-Z) ;

N(B) = 1/74x(1-YA2)x(1-X)*(1+Z) ; T

N(6) = =1/8%x(1-X)*(1+Y)*(1-Z)*(2+X-Y+Z); M (]

D = Va1 ORI, Shape function : N 1
N(8) = -1/8x(1-X)*(1+Y)*(1+Z)x (2+X-Y-Z);

T e Nig =~ (1+P)1+ QU ~R)@~P=Q+R)
N(9) = 1/4x(1-X*2)x(1-Y)*(1-Z); 1 ,

N(10)=  1/4x(1-X*2)x(1-Y)*(1+Z); Nio =—(1+ P)(1+ 1—R P 1
N(11)=  1/74x(1-X"2)*(1+Y)*(1-2) ; 19 4( X Q) ) 18 {Q} = { 1 }
N(12)=  1/4x(1-XA2)x(1+Y)*(14Z) ; @ R} (41

N(13)= -1/8*(1+X)*(1-Y)*(1-Z)*(2-X+Y+Z);
N(14)= 1/4x(1-2"2)*(1+X)*(1-Y);
N(15)= -1/8*x(1+X)*(1-Y)*(1+Z)*(2-X+Y-Z);
N(16)= 1/74%(1-Y*2)*(1+X)*x(1-2);
N(17)= 1/4x(1-Y*2)*x(1+X)*(1+Z);
N(18)= -1/8*(1+X)*(1+Y)*x(1-Z)*(2-X-Y+Z);
N(19)= 1/4x(1-2"2)*(1+X)*(1+Y);
N(20)= -1/8*x(1+X)*(1+Y)*(1+Z)*(2-X-Y-Z);

1
® 16 N16=Z(1+P)(1—Q2)(1—R)

1
Nz = —§(1+P)(1—Q)(1—R)(2—P+Q+R)

-k

1
Nyo=-g(1+P)1+QA+R(2-P-Q—R)
[

1
Niy =21+ P)AL = Q)L +R)

Z R N15=—%(1+P)(1—Q)(1+R)(2—P+Q—R)



Locking happens if 15t —order element is used

(without deformation)

$

(strategy)
- use of higher-order elements
- use of reduced integrals



Applicable for Large Deformation Problem

Node position of initial state
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<6u ONT  ou aNT) ONT (av ONT ov aNT> ONT <6W6NT ow aNT)

07
ONT (au ONT  ou aNT) (av ONT  ov aNT) ONT (aw ONT ow aNT)
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(f} = f [B]{0} dv
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d/0x
d/0x,
d/0x5

- 39X,

90X,

0X;

0xq
0X;

dxq
0X,

0xq
0X;

axZ
X,

axZ
ox,

axZ
9X,

L 0x3

axg

axg -

9/0X,
9/0X,
9/0X,



ERnicT>VIL

dx

tdx} = Ix

dX}




F = RU F=VR

FTF = UTRTRU FFT = VRRTVT
— Ty =Vvv!
— UZ = VZ



[ON ON 0N

i - — | (%11

ox oy 0z | | oy,

aw; ot T T TJ ON ON ON 033
L[a_x]l[aﬂ]dv_ [Wl W2 W3] . ay Ox E 012 dv

ON ON ON||023

oz dy ox] 73t

011 = F1;SijF1j = F11811F11 + F11812F12 + F11S13F13 + F12821F11 + F128550F15 + F12553F 3 + Fi3S31F11 + F13835F15 + Fi3533F;3
022 = F3i5ijFpj = F318511Fo1 + F21812F22 + Fo1S13F23 + F22521F21 + F22522F0 + F22823F03 + F23S31F21 + Fo3S32F52 + F23833F23
033 = [3;5ijF3j = F31511F31 + F31512F32 + F31513F33 + F33521F31 + F32522F35 + F335:3F33 + F33531F31 + F33532F35 + F33533F33
012 = F1;SijF2; = F11511F21 + F11512F22 + F11513F23 + F12521F%1 + F12522F%; + F12523F%3 + F13531F%1 + F13532F%; + F13533F%3
023 = F2i5ijF3; = F31811F31 + F21812F32 + Fo1S13F33 + Fo2851F31 + Fa2822F32 + F23523F33 + F23S31F31 + Fa3S32F3; + Fa3S33F33

031 = F3;5ijF1j = F31811F11 + F31812F15 + F31813F 3 + F33831F11 + F33855F 5 + F33523F15 + F33531F11 + F33835F 5 + F33833F3

(011 F11F11 FioFi2  Fizkys 2F1Fy 2F 5 F3 2F1Fy3 1 (511)
022 Fy1Fo1  FpaFppy  Fr3bops 2Fy1F5; 2F)5F53 2F1F53 S22
) 033 [ _ F31F31 F33F3;  F33F33 2F31F3; 2F3;F33 2F31F33 ) 533 \

012 F11Fy1  Fi2Fyp  FisFys FiiFop + FioFy  FioFo3 + FisFyy  FiiFos + FisFag | ] S12
023 Fy1F31  FouFszy Fy3F33 FpFsp + Foubsy  FypuF33+ FozFsp  FoiFzsz + Fo3F3q | | Sas
\O31)  |F31F1y F33Fy; Fs3Fyj3  F31Fip + F3pFyy FapFi3 4 Fa3Fp  F31Fy3 + Fa3Fp1 ] \S3q)




Jdw dx; | (0w

o} 1)

dw 0xdw Byaw 0z dw
0X 09X Ox axay axaz
dw 0x 0w Oyaw 0z dw
oY _ aY ox 6Y6y OYBZ
dw 0x 0w ayaw 0z dw
07 07 dx OZ dy az 0z
[0x 0y 0z]

X 0dX 0X

dx 0dy 0z

ay adY aY

dx 0y 0z

LdZ 0Z 07

F1 F
ax dy oz [fax)| oy a7
dX 0X O0X|||dx | 0x O0Ox
ox 0y 0z|||dX| daY 0dZ
ay adY aY|||dy| ay 0dy
dx dy O0z||lox| ay 0z
02 0Z 0dZ1\lgz | 9z ozl

dx 0X aan' dz 0X 0X

0X 0x axay dXOZ X
dx dY ayay dz dY OY__
d0X dx ax dy ax 9z 0X
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011
022
033
012
023
031

(F11F11

F21F21
F31F31
F11F21
F21F31

—F31F11

Fi2Fy,
Fy2F5;
F3;F3,
Fi2Fy;
FyyF3,
F3,Fi;

Fi3F;3
Fy3F)3
F33F33
Fi3Fy3
Fy3F33
F33Fi3

2F1F;

2F)1Fp)

2F31F3;
Fi11Fy3 + FioFpq
Fy1F3p + FpF3y
F31Fp + F3pF14

2F 5 F3

2F))F)3

2F3;F33
Fi2F53 + Fi3Fy;
FyoF33 + Fp3F3;
F3;Fi3 + F33F;;

2F;11F3
2F;1Fy3
2F31F33

]
Fi1Fy3 + Fi3F)

Fy1F33 + Fa3F3,

F31F;3 + F33F;4]




