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Abstract 
    Fiber-reinforced cementitious composite (FRCC) is a cementitious material mixed with short 

discrete fibers, which shows good ductile behavior under tensile and bending stress. The bridging law, 

i.e., the tensile stress-crack width relationship has been proposed to evaluate the performance of the 

FRCC in recent years. For practical applications, an effective and accurate method of the constitution 

of the bridging law is pursued eagerly. As the essential part of the constitution of the bridging law, a 

precise and practical evaluation method for the single-fiber pullout test is also indispensable. 

    This study evaluates the influence on the matrix strength in a pullout test of bundled aramid fibers. 

The modification of bundling shows an unsmooth surface for aramid fibers which is expected to exhibit 

an excellent bonding to the cementitious matrix. For the cementitious matrix, the improvement of the 

matrix strength, i.e., the reduction of the water/cement ratio means better densification of the 

cementitious materials, is considered to provide a superior interface property to exert better bonding 

stress for the bundled aramid fiber. 

     The pullout test of bundled aramid fibers was carried out considering various parameters, 

including the matrix strength, the embedded length, and the inclined angle of the fiber. The influences 

of matrix strength in different embedded lengths and inclined angles were evaluated based on the result 

of the pullout test. A power function relationship was found between the maximum pullout load and the 

embedded length. The subbing effect, which describes the influence of inclined angle, is also observed. 

    Based on the test result, a bilinear model was established to describe the single fiber’s pullout 

behavior. A group of empirical formulas, in which the maximum pullout load, effect of embedded length, 

and snubbing effect were expressed as the functions of matrix strength, were proposed based on the test 

results. From the calculation result of bridging law, the maximum tensile stress increases almost 

proportionally as the matrix strength becomes larger. 
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Chapter 1 Introduction 
 

1.1 Research Background 

Traditional concrete shows good performance under compressive stress. However, such material 

usually fails by the unstable propagation of the crack under tensile stress. Recently, a brand-new material 

called Fiber Reinforced Cementitious Composites (FRCCs) has been proposed. FRCC is a cementitious 

material mixed with discrete short fibers into cementitious matrix. With the reinforcement effect of short 

fibers, FRCC performs a good strength, ductility, and toughness under tensile stress. As shown in Fig. 

1.1, after the first crack of the matrix, short fibers bridging the crack sustain uniaxial tension by the 

bridging effect. Individual fibers existing at the matrix crack surface play an essential role in suppressing 

the further growth of the crack 

In the past several decades, many types of FRCCs have been studied, such as engineered 

cementitious composite (ECC), strain hardening cement composite (SHCC), and ductile fiber-reinforced 

cementitious composite (DFRCC). ECC and SHCC show strain hardening and multiple fine crack 

behavior under uniaxial tension. DFRCC is defined as a type of FRCC showing deflection hardening 

and multiple cracks under bending conditions. 

 

 

Fig. 1.1. FRCC under uniaxial tensile stress [1] 
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1.2 Pullout Behavior of Single Fiber 

 

1.2.1 Pullout Test 

To predict and evaluate the behavior of the fiber-bridging effect, a calculation model called 

bridging law [2] has been proposed. The bridging law is explained as a tensile stress-crack width 

relationship that characterizes tensile performance after the first cracking of the matrix. The bridging 

law can be obtained by an integral calculus of forces carried by individual fibers bridging the crack, 

considering the probability density function for the fiber inclined angle and distribution. 

As shown in Fig. 1.2, with the evaluation of the single fiber pullout behavior, it is possible to predict 

the actual behavior of structural elements by the constitution method of the bridging law. Thus, the 

pullout behavior of a single fiber occupies an essential part of establishing the prediction model for 

applications. An accurate and practical method of the single fiber pullout test is needed eagerly.  

 

 
Fig. 1.2 The flow diagram of materials design [3] 

 

Usually, a pullout test for the single fiber with a fiber’s diameter less than 100μm is not easy 

because of the difficulty of the specimen’s fabrication and the loading method. Although, many creative 

experiments were conducted to investigate the behavior of these thin fibers in the past several decades. 

Chan and Li [4] conducted the pull-out test for single steel, brass (both of 1.02mm diameter), and 

polyethylene fibers (two types: 38μm and 20μm) in different water cement ratio (W/C). They claimed 

that adhesive bond failure occurs in the steel-cement and polyethylene-cement boundaries, and cohesive 

bond failure occurs between brass and cement. They also suggested that the modification of the fiber 

surface would be necessary to enhance the adhesion between the fibers and the cement matrix. Li et al. 

[5] found that the force and energy at fiber pulling-out increase with the inclination angle of fiber by a 

pullout test for nylon and polypropylene fiber with a diameter of 508μm. They also offered an 

explanatory theory to predict the snubbing effect. Kanda and Li [6] concluded that PVA fiber has a high 

chemical bond and frictional bond strength by pulling out a single PVA fiber with a diameter of 14μm. 

They also found that the apparent strength of fiber decreases as the angle of inclination of the fiber 
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increases. A practical function was proposed to express the degradation of the fiber strength. Kiyota et 

al. [7] conducted a group of pullout tests for single aramid, PVA, and PE fibers with diameters of 12μm, 

37μm, 12μm, respectively. Different behaviors of the three types of fibers were clearly observed from 

the tests result. Curosu et.al. [8] reported differences in fiber-failure stress and bond strength in pullout 

test of HDPE, aramid, and PBO fibers with diameters of 20μm, 12μm, and 13μm, respectively.  
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1.2.2 Pullout Behavior 

 

    (1)  Micromechanical model for interpretation of interface properties 

    Fiber-matrix interface properties can be explained as two parts: the debonding process and the 

pulling-out process. [6] Fig. 1.3 shows a typical load-displacement relationship for the single fiber which 

has a better chemical than the frictional bond. In the debonding process, the chemical bond is broken 

gradually, and replaced by the constant frictional bond. An assumed shear-stress distribution near the 

debonding tip is shown in Fig. 1.4. When the shear stress overcomes a critical value 𝜏௦, the interface 

property is substituted by a constant frictional bond 𝜏௜. In other words, the bonding property of the 

pullout test for a single fiber can be interrupted by the chemical bond 𝜏௦, and frictional bond 𝜏௜.  

 

 
Fig. 1.3 Schematic of load-displacement relation for fiber pullout behavior [6] 

 

 
Fig.1.4 Shear stress distribution along embedded fiber [6] 

     

Aramid fiber is known as one type of polymeric fiber with high tensile strength. Commercially 

provided aramid fibers have a diameter of 12μm, and a bundled aramid fiber made from several yarns 

usually has a diameter of 0.5mm. As for aramid fibers, a good chemical bond cannot be expected in the 

debonding process [7]. However, a bundled aramid fiber is expected to have an excellent mechanical 
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bond because of its unsmooth surface. Thus, in the process of debonding, the mechanical resistance is 

dominant for the pullout behavior of bundled aramid fibers. Additionally, reducing the 

water/cement(W/C) ratio or using of silica fume can improve the matrix’s densification around the fiber, 

enhancing the fiber-cement interfacial bond strength. [4] 

(2)  Influence of inclined angle 

    As Li et al. [5] pointed out that the snubbing effect influences the pullout behavior with a single 

fiber, that is the pullout load increases with the increase of inclined angle. As shown in Fig. 1.5, while 

the fiber is under the pullout force P with an angle Φ, the matrix wedge at the exit point of fiber exerts 

a normal force N to the fiber. Therefore, a friction force F is generated at the perpendicular direction of 

the force N. The pullout load P becomes more significant when the fiber is set at an angle. This is due 

to the resistance of the frictional force F. 

    The snubbing effect can be evaluated with Eq.(1.1). 

𝑃 = 𝑃଴ ∙ 𝑒௙∙ఏ                                                         (1.1) 

Where: 

𝑃: pullout load 

𝑃଴: pullout load at inclined angle 0 

𝑓: coefficient of the snubbing effect 

𝜃: inclined angle of fiber 

 

 
Fig. 1.5 Illustration of fiber pullout at angle [5] 
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    Fig. 1.6 shows the experiment result for the snubbing effect. From the test results of nylon(“+”) 

and PVA(“□”) fibers, the pullout load increases as the inclined angle increases. 

 

 

Fig. 1.6 The influence of inclined angle on the pullout load [5] 

 

(3)  Fiber ruptures 

    If the fiber’s embedded length is long enough or the bond strength at the exit point of fiber is strong 

enough, a fiber rupture may occur when the fiber’s strength is exceeded by the pullout load. This strength 

is usually less than the measured value of fiber strength provided by the manufacturers. When the fiber 

is aligned obliquely, additional stress is induced by bending at the exit point of the fiber-matrix interface. 

This apparent strength of fiber decreases as the inclined angle of the fiber becomes larger, and Eq.(1.2) 

proposed by Kanda. and Li. [6] expresses the degradation effect of the apparent fiber strength. 

𝜎௙௨ =  𝜎௙௨
௡ ∙ 𝑒ି௙ᇲ∙థ                                                    (1.2) 

Where: 

𝜎௙௨: apparent strength of fiber 

𝜎௙௨
௡ : rupture strength of fiber at angle 𝜙 = 0 

𝑓′: apparent fiber strength reduction factor 
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1.3 Research Objective 

     

    The main objective of this study is to evaluate the influence of matrix strength on the pullout 

behavior of bundled aramid fiber. To achieve the research goal, pullout test is conducted for bundled 

aramid fiber in three different matrix strengths to accurately model. The bridging law is constructed 

based on the test results of the pullout test to evaluate the influence on the matrix strength. 
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Chapter 2 Experiment Outline 
 

2.1 Used Materials 

  

The mixture proportion of the cementitious matrix is shown in Table 2.1. The proportion is 

designed based on the previous study[9]. The water-to-binder ratio is controlled invariantly to ensure 

the constant flowability of the matrix. To obtain different matrix strength, the water-cement ratio (W/C) 

is changed to 0.785, 0.560, and 0.436. Portland cement of high early strength is used to ensure that the 

target matrix strength is achieved in the early phase of curing. 

Aramid bundled fibers are used, as shown in Fig. 2.1. The bundled aramid fiber is a bundle of 

aramid yarns with a nominal diameter of 12μm. The original yarns are twisted to form a single thick 

 
Table 2.1 Mixture proportion of cementitious matrix 

 
 

 

(a)                              (b) 
Fig. 2.1 Aramid fibers used in this study: 

(a)Bundled fibers; (b)Appearance of yarns. 

Water Cement Fly ash Sand

Target matrix
strength

Water by
Cement ration

Water by
Binder ratio

Flyash by
Binder ratio

678 291 484

Fc24 0.785 0.392 0.500 380

Fc36 0.560 0.392 0.300 380

Unit Weight(kg/m3)

Cement: High early strength Portland cement

Fly ash: Type Ⅱ of Japanese Industrial Standard (JIS A 6206)

Sand: Size under 0.2mm

High-range warter-reducing admixture: Binder × 0.6%

872 97 484Fc48 0.436 0.392 0.100 380

484 484 484
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Table 2.2 Physical property of aramid fibers 

 
*Measured value before bundling 

 

fiber and sized not to unravel in the FRCC. The physical property before bundling of aramid fiber 

provided by manufacturers is shown in Table 2.2. 

For the purpose of investigating compressive strength of FRCC with aramid bundled fiber, uniaxial 

compression test was conducted. Chopped aramid bundled fibers with a length of 30mm are used. The 

volume fraction of fibers is set to 1% (unit weight: 13.9kg/m3) and 2% (unit weight: 27.8kg/m3). 

As shown in Fig. 2.2, a universal testing machine with a loading capacity of 500kN is used in the 

test. The test piece was made with a cylinder mold with a diameter of 100mm and a height of 200mm. 

To reduce the scattering of the test result, three specimens were cast for each mixture proportion. Also, 

a fiber-free control group is manufactured for each test series. 

 

 
Fig. 2.2 Loading method of uniaxial compression test 

 

 

Diameter Tensile strength* Elastic modulus*

(mm) (MPa) (GPa)

Aramid 0.5 3432 72

Type of the fiber
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2.2 Pullout Test for Single Aramid Fiber 

 

2.2.1 Specimens 

    Continuous aramid fiber before cutting is used for pullout test. Details of mold fabrication are 

shown in Fig. 2.3. The pullout test specimen is a square plate with a size of 30mm×30mm. The single 

fiber is embedded in the center of the plate. The mold is made by two acrylic plates and three rubber 

plates, as shown in Fig. 2.3(b), a total of five plates are fixed by bolts at four corners. The thickness of 

the specimen is equal to the embedded length of the fiber. It is controlled by the thickness of the middle 

rubber plate. A tiny hole is opened in the center of the acrylic plate and rubber plates to fix the single 

fiber in the perpendicular direction. As shown in Fig. 2.3(c), the injection hole is designed for casting, 

while the ventilator hole is used to avoid the generation of air void in the matrix. 

 

 
(a)                           (b)                            (c) 

Fig. 2.3 Pullout specimen: (a) Dimensions of pullout specimen; 
(b) Constitute of mold; (c) Example of mold. 

 

    The test parameters are the strength of matrix, the embedded length of fibers, and the inclined angle 

of fibers. Table 2.3 shows details of specimen for the pullout test. Five replicate specimens are 

manufactured for each parameter to reduce the scattering of the test results. The series of specimens is 

designated by its matrix strength, the embedded length of fibers, and the inclined angle of fibers. For 

example, the designation of “Fc36-8mm-30” represents the specimen with a matrix strength of Fc36, 

embedded length of 8mm, and inclined angle of 30°. The fiber length out of the matrix is fixed at 55mm 

to control the deformation of the fiber, which will be discussed later. 

 

 

 

 

 

 

 



17 
 

Table 2.3 List of specimens for the pullout test:(a) Matrix strength of Fc24, 
(b)Matrix strength of Fc36, (c)Matrix strength of Fc48. 

(a): 

 

(b): 

 

(mm) (°) (mm)

FC24-4mm-0 0 55

FC24-4mm-15 15 55

FC24-4mm-30 30 55

FC24-4mm-45 45 55

FC24-4mm-60 60 55

FC24-8mm-0 0 55

FC24-8mm-15 15 55

FC24-8mm-30 30 55

FC24-8mm-45 45 55

FC24-8mm-60 60 55

FC24-12mm-0 0 55

FC24-12mm-15 15 55

FC24-12mm-30 30 55

FC24-12mm-45 45 55

FC24-12mm-60 60 55

Incilned angle Fiber length out of the matrix
Specimen Designation

Designed embedded length

4

8

12

(mm) (°) (mm)

FC36-4mm-0 0 55

FC36-4mm-15 15 55

FC36-4mm-30 30 55

FC36-4mm-45 45 55

FC36-4mm-60 60 55

FC36-8mm-0 0 55

FC36-8mm-15 15 55

FC36-8mm-30 30 55

FC36-8mm-45 45 55

FC36-8mm-60 60 55

FC36-12mm-0 0 55

FC36-12mm-15 15 55

FC36-12mm-30 30 55

FC36-12mm-45 45 55

FC36-12mm-60 60 55

Specimen Designation
Designed embedded length Fiber length out of the matrix

4

8

12

Incilned angle
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(c): 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(mm) (°) (mm)

FC48-4mm-0 0 55

FC48-4mm-15 15 55

FC48-4mm-30 30 55

FC48-4mm-45 45 55

FC48-4mm-60 60 55

FC48-8mm-0 0 55

FC48-8mm-15 15 55

FC48-8mm-30 30 55

FC48-8mm-45 45 55

FC48-8mm-60 60 55

FC48-12mm-0 0 55

FC48-12mm-15 15 55

FC48-12mm-30 30 55

FC48-12mm-45 45 55

FC48-12mm-60 60 55

Specimen Designation
Designed embedded length Incilned angle Fiber length out of the matrix

4

8

12
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2.2.2 Loading Method 

    Fig. 2.4 shows the schematic diagram for the loading method of the pullout test. A monotonic 

pullout load is applied using an electronic system universal testing machine with a capacity of 200N 

(LSC-02/30-2, Tokyo Testing Machine Co., Ltd., Tokyo Japan). The specimen is fixed via adhering to 

a steel plate. The inclined angle is set by tilting the steel plate as shown in Fig. 2.4(b). The fiber is 

clamped by the chucking jig directly. The length of fiber out of the matrix is set to 55mm. The head 

speed is set to 1mm per minute. The pullout load and head displacement are recorded. 

 

 

(a)                                        (b) 
Fig. 2.4 Loading method of pullout test: 

(a)Specimen at inclined angle 0, (b)Specimen with inclined angle 
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2.2.3 Uniaxial Tension Test for Single Bundled Aramid Fiber 

    In the pullout test for the single fiber, the elongation of the fiber out of the matrix increases under 

a pullout load. This deformation of fiber is not expected to be included in record of slip. 

    The result of the uniaxial tension test is acquired from a previous study [9] that used identical type 

of fibers. As shown in Fig. 2.5, the fiber is directly grasped by the chunk jig at both ends. The fiber 

length out of the matrix is set to 55mm=30mm+25mm. From the test result, an approximate expression 

of the relationship between deformation and load was obtained as shown in Eq.(2.1). The slip of fibers 

𝑠 can be obtained using Eq.(2.2) 

𝛿 = 7.43 × 10ି଼𝑃ଷ + 1.16 × 10ି଺𝑃ଶ + 0.0913𝑃  (2.1) 

𝑠 = 𝑥 − 𝛿/2      (2.2) 

Where, 

𝑃: pullout load 

𝑠: slip of fiber 

𝑥: recorded head displacement 

 

  

Fig. 2.5 Loading method of uniaxial tension test for single fiber 

 

 

 

 

 

 

 

 



21 
 

Chapter 3 Results of Experiment 
 

3.1 Results of Uniaxial Compression Test 

 

    Table 3.1 shows the results of the uniaxial compression test. The test specimen is designated by its 

target matrix strength and the fiber volume fraction. For example, the specimen designation of “Fc36-

1-1” represents the specimen with a target matrix strength of Fc36 and is mixed with fibers of 1% volume. 

The maximum load of the test piece is recorded, and the compressive strength is calculated by dividing 

the cross-sectional area of the cylinder specimen. Also, the young’s modulus is calculated based on the 

relationship of stress-strain. A total of three specimens for each test series are tested and the average 

value is calculated. 

    On average, the compressive strength is in good agreement with the target matrix strength. It is 

apparent from this table that the compressive strength and young’s modulus are not significantly 

influenced by fibers. This reveals that the addition of fibers has little effect on the compressive strength 

and young’s modulus. The same property of FRCCs was also found in other studies [10][11]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



22 
 

Table 3.1 Results of uniaxial compression test: 
(a)Matrix strength of Fc24, (b)Matrix strength of Fc36, (c)Matrix strength of Fc48. 

(a): 

 

 
(b): 

 

 

 

 

 

 

 

 

 

Weight Height Diameter Maximum load
Compressive

strength
Young's
modulus

(kg) (mm) (mm) (kN) (MPa) (GPa)
Fc24-N-1 2947.9 197.4 100.0 212 27.0 11.0
Fc24-N-2 2978.4 198.7 100.0 205 26.1 11.6
Fc24-N-3 2954.4 198.7 99.2 207 26.4 10.9
Average 2960.2 198.3 99.7 208 26.5 11.2
Fc24-1-1 2909.8 198.6 99.8 196 24.9 11.3
Fc24-1-2 2918.6 199.0 99.8 189 24.1 10.9
Fc24-1-3 2910.4 197.3 100.0 190 24.2 11.4
Average 2912.9 198.3 99.8 192 24.4 11.2
Fc24-2-1 2929.7 198.7 100.5 189 24.1 11.2
Fc24-2-2 2926.8 198.8 100.2 190 24.2 10.5
Fc24-2-3 2941.3 199.4 100.0 185 23.6 10.4
Average 2932.6 199.0 100.2 188 24.0 10.7

Specimens Designation

Weight Height Diameter Maximum load
Compressive

strength
Young's
modulus

(kg) (mm) (mm) (kN) (MPa) (GPa)
Fc36-N-1 3020.7 197.3 100.1 297 37.8 14.8
Fc36-N-2 3025.2 198.6 100.2 278 35.4 15.1
Fc36-N-3 3019.3 199.1 100.0 300 38.2 14.9
Average 3021.7 198.3 100.1 292 37.1 14.9
Fc36-1-1 2998.2 198.6 100.4 275 35.0 15.2
Fc36-1-2 3013.8 199.1 100.3 249 31.7 15.3
Fc36-1-3 2993.0 197.9 100.4 296 37.7 15.1
Average 3001.7 198.5 100.3 273 34.8 15.2
Fc48-2-1 3051.5 198.1 100.3 283 36.0 14.5
Fc48-2-2 3031.1 196.9 100.2 276 35.1 14.3
Fc48-2-3 3002.8 195.3 100.4 268 34.1 14.7
Average 3028.5 196.8 100.3 276 35.1 14.5

Specimens Designation
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(c): 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Weight Height Diameter Maximum load
Compressive

strength
Young's
modulus

(kg) (mm) (mm) (kN) (MPa) (GPa)
Fc48-N-1 3083.6 198.5 100.0 430 54.7 17.0
Fc48-N-2 3076.1 197.6 100.1 412 52.5 17.2
Fc48-N-3 3099.1 199.0 100.0 397 50.5 17.9
Average 3086.3 198.4 100.0 413 52.6 17.4
Fc48-1-1 3026.6 196.5 100.2 409 52.1 16.3
Fc48-1-2 3068.0 198.7 99.9 422 53.7 18.3
Fc48-1-3 3071.3 198.4 100.0 434 55.3 18.7
Average 3055.3 197.9 100.0 422 53.7 17.8
Fc48-2-1 3062.1 200.6 100.1 409 52.1 17.1
Fc48-2-2 2999.8 196.9 100.0 407 51.8 17.1
Fc48-2-3 3043.8 198.0 100.0 432 55.0 16.9
Average 3035.2 198.5 100.0 416 53.0 17.0

Specimens Designation
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3.2 Results of Pullout Test 

 

3.2.1 Failure Details 

 

    In most specimens, as shown in Fig 3.1, the fiber is pulled out slowly from the matrix, and a tiny 

hole remains. The loading is finished simultaneously when all fiber parts are pulled out from the matrix. 

No damage on the matrix surface or any cracks around fiber is observed.  

 

       

(a)                                        (b) 
Fig. 3.1 Example of specimens: 

(Matrix strength of Fc24, embedded length of 12mm, inclined angle at 45°) 
(a)Before loading, (b)After loading 

 

    Fig. 3.2 shows the fiber condition after loading by a sequence of inclined angle from 0° to 60°. 

From this figure, apparent damage is observed around the embedded part of the fiber. Yarns at the 

embedded part of the fiber are unraveled after loading. This phenomenon appears more obviously in the 

specimen with a higher matrix strength and a larger inclined angle.  

    For the bundled aramid fiber, the mechanical force is predominant in the process of pulling out. In 

the process of pulling out, the surface of the fiber is damaged due to the matrix uneven surface. A 

stronger matrix brings deeper damage of the fiber. In addition, a large inclined angle may also intensify 

the force on the fiber owing to the snubbing effect. Thus, the phenomenon of unraveling is found more 

commonly in the case of higher matrix strength or a larger inclined angle. 
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 0°             15°            30°             45°           60° 
Fig. 3.2 Example for the condition of fiber after loading 
(Matrix strength of Fc48, Embedded length of 12mm) 

 

    In some specimens with long embedded lengths and large inclined angles, the fibers ruptured 

during the loading process. Fig 3.3 shows an example of fiber rupture point. Previous study also showed 

this phenomenon in cases with a long embedded length and a large inclined angle(30°, 45°, 60°). No 

significant differences are found among different matrix strengths. 

 

 

     
(a)                                      (b) 

Fig. 3.3 Example of fiber rupture: 
(Matrix strength of Fc48, Embedded length of 8mm, inclined angle at 60°) 

(a)Before loading, (b)After loading 
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3.2.2 Pullout Load-Slip Curves 

    Fig. 3.4 to Fig. 3.12 show the relationship of pullout load-slip. The fiber deformation described in 

Chapter 2.2.4 is considered. Some specimens with crack before loading are excluded. At least four 

specimens are loaded for each series of tests. The average curve is calculated for each test series by 

linear interpolation. The specimens with ruptured of fibers, are not considered in averaging. The mark 

of “○” in each curve represents the maximum pullout load. 

    As shown from Fig. 3.4 to Fig. 3.12, the curves generally show two stages. Before the maximum 

pullout load, the load increases linearly, then decreases slowly after the maximum pullout load. The 

pullout load becomes nearly null when the slip has reached the embedded length of fiber.  

    In some cases of matrix strength Fc24 with embedded lengths of 8mm and 12mm, the load 

decreases before reaching the embedded length. For example, as shown in Fig. 3.5(a) and Fig. 3.6(a), 

the pullout load sustains a low value after the maximum pullout load until it is pullout out entirely. This 

property is not observed in the test series of matrix strength Fc36 and Fc48. Compared to the cases with 

embedded length of 4mm, as shown in Fig 3.4, it is considered that the matrix around the fiber is 

damaged in the debonding process due to the unsmooth surface of the bundled aramid fibers, which 

cannot provide enough resistance for the remaining part of the fiber. In other words, for bundled aramid 

fibers, enough bonding stress cannot be expected along the overall length of fibers with low matrix 

strength. 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.4 Pullout load-slip relationship: 

(Matrix strength of Fc24, Embedded length of 4mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.5 Pullout load-slip relationship: 

(Matrix strength of Fc24, Embedded length of 8mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.6 Pullout load-slip relationship: 

(Matrix strength of Fc24, Embedded length of 12mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.7 Pullout load-slip relationship: 

(Matrix strength of Fc36, Embedded length of 4mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.8 Pullout load-slip relationship: 

(Matrix strength of Fc36, Embedded length of 8mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.9 Pullout load-slip relationship: 

(Matrix strength of Fc36, Embedded length of 12mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.10 Pullout load-slip relationship: 

(Matrix strength of Fc48, Embedded length of 4mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.11 Pullout load-slip relationship: 

(Matrix strength of Fc48, Embedded length of 8mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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(a) 

 

(b)                                        (c) 

 

(d)                                        (e) 
Fig. 3.12 Pullout load-slip relationship: 

(Matrix strength of Fc48, Embedded length of 12mm) 
(a)Inclined angle 0°, (b) Inclined angle 15°, (c) Inclined angle 30°, 

(d) Inclined angle 45°, (e) Inclined angle 60° 
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Chapter 4 Discussions of Results 
 

4.1 Bilinear Model of Pullout Load – Slip Curve 

 

4.1.1 Method of modeling 

    From the relationship of pullout load-slip, two properties of the pullout behavior of bundled aramid 

fibers are found from the curves: a high stiffness at the preliminary stage, and a gently decreasing of 

pullout load after the maximum. Thus, the bilinear model is applied to evaluate the relationship between 

pullout load and slip to obtain an accurate result. 

    Details of the constitution of the bilinear model are shown in Fig. 4.1 as same as previous study 

[12]. The bilinear model describes three characteristic points: the maximum load and slips at the 

maximum and the load becomes zero. 

The maximum pullout load of the average curves for each test series is directly used for modeling. 

The complementary energy is considered for the calculation for the slip at the maximum load. As shown 

in Fig. 4.1, the slip is calculated as the maximum is reached at the line of which the complementary 

energy is equal. The pullout load is almost null when the slip is equal embedded length of the fiber. 

Therefore, the slip at this point was set to zero in the model. The example of the model is shown in Fig. 

4.2. 
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Fig. 4.1 Bilinear model [12] 

 

 

   

(a)                                            (b) 
Fig. 4.2 Example of bilinear model: 

(a)Experiment result, (b)Model result 
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4.1.2 Modeling Results 

    Table 4.1 to Table 4.3 summarizes the result of bilinear modeling. The embedded length in the 

table is calculated with average value of the thickness of the specimens. The maximum pullout load 

𝑃௠௔௫ and the slip at the maximum pullout load 𝑠௠௔௫ are obtained from the average curves of each test 

series. 𝑠௖,௠௔௫ express the calculated slip at the maximum load 𝑠௠௔௫ using the bilinear model. “○” 

indicates specimen with ruptured fiber during loading. 
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Table 4.1 List of modeling results 
(Matrix strength of Fc24) 

 

 

 
Table 4.2 List of modeling results 

(Matrix strength of Fc36) 

 

 

 

 

 

 

Inclined Angle Embedded Length smax Pmax sc,max

(°) (mm) (mm) (N) (mm)

Fc24-4mm-0 0 3.97 1.45 20.85 0.22

Fc24-4mm-15 15 3.97 0.37 24.90 0.14

Fc24-4mm-30 30 3.91 0.62 25.30 0.29

Fc24-4mm-45 45 3.91 1.04 34.42 0.47

Fc24-4mm-60 60 3.97 1.26 35.76 0.79

Fc24-8mm-0 0 7.95 0.81 30.77 0.34

Fc24-8mm-15 15 8.01 0.75 41.47 0.27

Fc24-8mm-30 30 7.96 0.62 31.99 0.35

Fc24-8mm-45 45 7.98 1.10 41.87 0.61

Fc24-8mm-60 60 7.97 1.22 40.57 0.72

Fc24-12mm-0 0 11.83 0.39 31.36 0.12

Fc24-12mm-15 15 11.83 0.80 47.92 0.39

Fc24-12mm-30 30 11.84 0.81 44.72 0.55

Fc24-12mm-45 45 11.85 1.49 44.47 0.84

Fc24-12mm-60 60 11.88 2.27 56.59 1.62

Specimen Designation Fiber Rupture

Inclined Angle Embedded Length smax Pmax sc,max

(°) (mm) (mm) (N) (mm)

Fc36-4mm-0 0 4.01 0.41 37.30 0.14

Fc36-4mm-15 15 4.06 0.76 40.82 0.26

Fc36-4mm-30 30 4.02 1.64 41.74 0.41

Fc36-4mm-45 45 4.01 0.73 51.01 0.50

Fc36-4mm-60 60 4.04 0.92 54.54 0.61

Fc36-8mm-0 0 8.02 0.60 74.86 0.20

Fc36-8mm-15 15 8.01 0.68 73.71 0.27

Fc36-8mm-30 30 8.03 0.68 87.98 0.40

Fc36-8mm-45 45 8.03 2.13 76.43 0.51

Fc36-8mm-60 60 8.02 0.97 87.48 0.71 ⚪

Fc36-12mm-0 0 11.84 0.84 65.96 0.30

Fc36-12mm-15 15 11.91 1.81 74.24 0.47

Fc36-12mm-30 30 11.86 1.03 79.92 0.50 ⚪

Fc36-12mm-45 45 11.89 0.78 67.39 0.50 ⚪

Fc36-12mm-60 60 11.93 1.08 100.68 0.74 ⚪

Specimen Designation Fiber Rupture
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Table 4.3 List of modeling results 

(Matrix strength of Fc48) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Inclined Angle Embedded Length smax Pmax sc,max

(°) (mm) (mm) (N) (mm)

Fc48-4mm-0 0 3.98 1.57 43.05 0.43

Fc48-4mm-15 15 3.98 0.45 38.87 0.14

Fc48-4mm-30 30 4.06 0.70 36.96 0.33

Fc48-4mm-45 45 4.02 0.70 44.61 0.44

Fc48-4mm-60 60 4.02 1.23 47.22 0.53

Fc48-8mm-0 0 8.04 0.56 59.21 0.18

Fc48-8mm-15 15 8.03 0.72 68.80 0.27

Fc48-8mm-30 30 8.09 0.63 70.65 0.38

Fc48-8mm-45 45 8.05 0.94 75.36 0.50

Fc48-8mm-60 60 8.04 1.10 80.15 0.67

Fc48-12mm-0 0 11.90 0.94 89.46 0.30

Fc48-12mm-15 15 11.90 1.09 86.14 0.36

Fc48-12mm-30 30 11.86 1.02 93.57 0.52

Fc48-12mm-45 45 11.87 0.85 77.14 0.52

Fc48-12mm-60 60 11.87 1.33 98.93 0.87 ⚪

Specimen Designation Fiber Rupture
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4.2 Maximum Pullout Load 

 

    Fig. 4.3 shows the maximum pullout load comparison in three different matrix strengths at inclined 

angle 0°. 

    In general, the maximum pullout load increases as the strength of the matrix increases. Interestingly, 

the maximum pullout load is observed to increase significantly with the fiber’s embedded length of 

12mm. However, a slight increase of the maximum pullout load is observed when the fiber’s embedded 

length is 4mm. In the case of fiber’s embedded length of 8mm, the maximum pullout load even decreases 

as the matrix strength becomes stronger. This indicated that, for bundled aramid fibers, a stronger matrix 

strength can provide more benefits in enhancing the bond strength on fiber-cement interface. 

Furthermore, an adequate embedded length of the fiber can further exploit this advantage. 

    More details for the comparison at the other inclined angles are shown from Fig 4.4(a) to Fig4.4(d). 

 

 
Fig. 4.3 Maximum pullout load in different matrix strengths 

(At inclined angle 0°) 
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(a)                                      (b) 

 

(c)                                       (d) 
Fig. 4.4 Maximum pullout load in different matrix strengths: 

(a)Inclined angle 15°, (b)Inclined angle 30°, (c)Inclined angle 45°, (d)Inclined angle 60° 
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4.3 Influence of Embedded Length  

 

4.3.1 Pullout Load and Slip at Maximum Load 

    Based on the result from Table 4.1 to Table 4.3, Fig 4.5 compares the relationship between the 

maximum pullout 𝑃௠௔௫ and the embedded length 𝑙௕ of fibers with different matrix strength.  

    Fig 4.5 reveals that, the maximum pullout load generally increase as the embedded length becomes 

larger for all strength of the matrix. For the matrix strength of Fc48, a linear relationship is observed in 

most cases. However, in the matrix strength of Fc36, the relationship is quite unclear. 

    The same evaluation method is conducted for the slip at the maximum pullout load 𝑠௖,௠௔௫, as 

shown in Fig. 4.6. The slip at the maximum pullout load 𝑠௖,௠௔௫ is obtained by bilinear modeling. 

    As shown in Fig 4.4, data are slightly scattered in Fc24 and Fc48. Moreover, the ultimate slip 

𝑠௖,௠௔௫ increases when the embedded length 𝑙௕ is longer, which showing a similar tendency than 𝑃௠௔௫. 
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(a) 

 

(b)                                        (c) 
Fig. 4.5 Relationship between maximum pullout load and embedded length: 

(a)Matrix strength of Fc24, (b)Matrix strength of Fc36, (c)Matrix strength of Fc48 

 

 

 

 

 

 

 

 

 

 

 

 



45 
 

 

  

Fig. 4.6 Relationship between maximum pullout load and embedded length: 
(a)Matrix strength of Fc24, (b)Matrix strength of Fc36, (c)Matrix strength of Fc48 
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4.3.2 Evaluation formulas 

 

(1)Evaluation of maximum pullout load 

    Several reports have investigated the relationship between the maximum pullout load and the 

embedded length of the fiber. Kanda and Li [6] conducted pullout test for the PVA fiber in a cementitious 

matrix. They suggested a linear relationship between the peak load and embedded length, as shown in 

Fig 4.7. 

 

 
Fig. 4.7 Comparison of peak pullout from literature 

 

Takaku and Arridge [13] conducted a pullout test for the stainless fibers in an epoxy resin matrix. 

They proposed a hyperbolic tangent function relationship between the debonding stress and embedded 

length as shown in Fig. 4.8. The debonding stress is defined as the peak load per unit cross-sectional 

area, the hollow plots and the solid plots represent test values for clean wire and coated wire, respectively. 

The coated wire is coated with a mold release agent to obtain a poor bonding and low friction property 

at the interface. In this study, a nearly power function relationship is found between debonding stress 

and embedded length. 

 

 
(x-axis: Embedded length (mm)) 

Fig. 4.8 Debonding stress versus embedded length 
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In this study, the relationship between the maximum pullout load 𝑃௠௔௫ and embedded length 𝑙௕ 

is evaluated by using specimens at the inclined angle of 0°. The least square method is adopted to fit the 

data with a power function, as shown in Fig. 4.9.  

In general, the test results are in good agreements with the proposed model. With increasing of 

matrix strength, the empirical coefficient from the regression analysis increases. This indicates that the 

relationship of 𝑃௠௔௫ and 𝑙௕ have a linear tendency in high strength matrix. This is likely due to the 

fact that the good densification of the cementitious composite in high matrix strength can provide 

enough bonding stress on the interface matrix-fiber. On the other hand, the matrix Fc24 is damaged on 

the interface in case of long embedded length. 

More details of this relationship for the specimens at an inclined angle are shown from Fig.4.10 to 

Fig. 4.12, which show a similar tendency. 

 

 

 
Fig. 4.9 Estimation of 

maximum pullout load as function of embedded length at inclined angle 0° 
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Fig. 4.10 Estimation of  
maximum pullout load as function of embedded length at the inclined angle 15°-60° 

(Matrix strength of Fc24) 
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Fig. 4.11 Estimation of  
maximum pullout load as function of embedded length at the inclined angle 15°-60° 

(Matrix strength of Fc36) 
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Fig. 4.12 Estimation of  
maximum pullout load as function of embedded length at the inclined angle 15°-60° 

(Matrix strength of Fc48) 
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(2) Estimation of the slip at the maximum pullout load 

    The similar method is conducted to evaluate the relationship between the slip at the maximum 

pullout load 𝑠௖,௠௔௫ and the embedded length 𝑙௕by using specimens at the inclined angle of 0°. As 

shown in Fig. 4.13, linear approximate expressions are calculated by the least square method. Although 

the data scattering is observed, the test results show agreements with the predicted ones. The coefficient 

of the linear approximate expression increases with the increment of the matrix strength. 

    More details of this relationship for the specimens with an inclined angle are shown from Fig.4.14 

to Fig. 4.16 which show a similar tendency. 

 

 

   

Fig. 4.13 Estimation of slip at the maximum pullout load as function of 
the embedded length at inclined angle 0° 
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Fig. 4.14 Estimation of slip at the maximum pullout load  
as function of embedded length at the inclined angle 15°-60° 

(Matrix strength of Fc24) 
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Fig. 4.15 Estimation of slip at the maximum pullout load  
as function of embedded length at the inclined angle 15°-60° 

(Matrix strength of Fc36) 
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Fig. 4.16 Estimation of slip at the maximum pullout load  
as function of embedded length at the inclined angle 15°-60° 

(Matrix strength of Fc48) 
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4.4 Snubbing Effect 

 

    As Li et al. [5] demonstrated that the force of fiber pullout increase with the inclined angle of fiber. 

In this study, the snubbing effect is evaluated using the following Eq.(4.1) 

𝑃௠௔௫ = 𝑃௠௔௫,଴ ∙ 𝑒௙೛∙ఏ                                                   (4.1) 

Where, 

𝑃௠௔௫: maximum pullout load 

𝑃௠௔௫,଴: 𝑃௠௔௫ at inclined angle 0 

𝑓௣: coefficient of the snubbing effect for pullout load 

𝜃: inclined angle 

    Fig. 4.17 shows the relationship of the normalized pullout load 𝑃଴ and the inclined angle 𝜃. 𝑃଴ 

is the ratio of 𝑃௠௔௫ to 𝑃௠௔௫,଴. The fitting curve in the graph is obtained by the least square method. 

The unit of the inclined angle 𝜃 is in radian when calculating the coefficient related to the snubbing 

effect 𝑓௣. 

    From Fig 4.17, the coefficient of the snubbing effect 𝑓௣ decreases as the matrix strength increases, 

indicates that the snubbing effect is difficult to exhibit in high matrix strength. 

    A similar method is conducted to evaluate the slip at the maximum pullout load following Eq.(4.2). 

𝑠௖,௠௔௫ = 𝑠௖,௠௔௫,଴ ∙ 𝑒௙ೞ∙ఏ                                                 (4.2) 

Where, 

𝑠௖,௠௔௫: slip at the maximum pullout load 

𝑠௖,௠௔௫,଴: 𝑠௖,௠௔௫,଴ at inclined angle 0 

𝑓௦: coefficient of snubbing effect for slip at the maximum pullout load 

𝜃: inclined angle 

Fig. 4.18 shows the relationship between the normalized slip 𝑠଴ and the inclined angle 𝜃. 𝑠଴ is 

the ratio of 𝑠௖,௠௔௫ by 𝑠௖,௠௔௫,଴. A similar tendency of the coefficient 𝑓௦ is observed that 𝑓௦ decreases 

as the matrix strength becomes larger.  
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(a) 

 

(b)                                         (c) 
Fig. 4.17 Snubbing effect in normalized pullout load: 

(a)Fc24 matrix strength, (b) Fc36 matrix strength, (c) Fc48 matrix strength. 
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    (a) 

  

    (b)                                          (c) 
Fig. 4.18 Snubbing effect in normalized slip at the maximum pullout load: 

(a)Fc24 matrix strength, (b) Fc36 matrix strength, (c) Fc48 matrix strength. 
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4.5 Apparent Strength of the Fiber 

 

    According to Kanda and Li [6], the reduction of the apparent strength of the fiber can be expressed 

as Eq(4.3),  

𝜎௙௨ =  𝜎௙௨
௡ ∙ 𝑒ି௙ᇲ∙థ                                                    (4.3) 

Where: 

𝜎௙௨: apparent strength of fiber 

𝜎௙௨
௡ : rupture strength of the fiber at angle 𝜙 = 0 

𝑓′: apparent fiber strength reduction factor 

𝜙: inclined angle 

    The relationship between the apparent fiber strength 𝜎௙௨ and inclined angle 𝜙 is shown in Fig. 

4.19. The coefficient 𝑓ᇱ represents the apparent fiber strength reduction factor which is obtained by the 

least square method. The nominal fiber strength 𝜎௙௨
௡  is defined as the rupture strength of the fiber when 

𝜙 = 0 in a cementitious matrix. The unit of the inclined angle θ is in radian when calculating the  

coefficient of the apparent strength of the fiber 𝑓ᇱ. As shown in Fig.4.19, the calculated values are 

almost constant indicating that the reduction of the apparent strength of the fiber cannot be evaluated in 

this study. 

 

 

Fig. 4.19 Relationship between apparent strength and inclined angle 
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Chapter 5 Calculation of Bridging Law 
 

5.1 Bilinear Model of Single-Fiber Pullout Behavior  

 

    Based on the discussions in the previous chapter, the single-fiber pullout model is summarized. At 

the inclined angle 0°, the maximum pullout load 𝑃௠௔௫,଴ and the slip at the maximum pullout load 

𝛿௖,௠௔௫,଴ are expressed by Eq.(5.1) and Eq.(5.2) 

𝑃௠௔௫,଴ = 𝐴 ∙ 𝑙௕
஻       (5.1) 

𝛿௠௔௫,଴ = 𝐶 ∙ 𝑙௕       (5.2) 

Where, 

𝑙௕: embedded length of the fiber 

𝐴, 𝐵, 𝐶: constant 

    The inclined angle strongly correlates the maximum pullout 𝑃௠௔௫ and the slip at the maximum 

pullout load 𝑠௖,௠௔௫, and can be calculated using Eq.(5.3) and Eq.(5.4). 

𝑃௠௔௫ = 𝑃௠௔௫,଴
∙ 𝑒௙೛∙ ఏ      (5.3) 

𝛿௠௔௫ = δ௠௔௫,଴ ∙ 𝑒௙ೞ∙ ఏ      (5.4) 

Where, 

𝜃: inclined angle 

𝑓௣: coefficient of the snubbing effect for pullout load 

𝑓௦: coefficient of the snubbing effect for slip 

    Thus, based on the 𝑃௠௔௫ and 𝛿௠௔௫ obtained from the Eq.(5.1) to Eq.(5.4), and considering the 

behavior of the rupture of fibers, the bridging model of the single fiber can be expressed as the Eq.(5.5). 

𝑃(𝛿, 𝜃, 𝑙௕) =  ቐ

௉೘ೌೣ

ఋ೘ೌೣ
 ∙ 𝛿                                                       (𝛿 ≤ 𝛿௠௔௫)

𝑃௠௔௫ −
௉೘ೌೣ

௟್షഃ೘ೌೣ

 ∙ (𝛿 − 𝛿௠௔௫)                  (𝛿௠௔௫ < 𝛿)
 (5.5) 

But, 

𝑃(𝛿, 𝜃, 𝑙௕) < 𝐴௙ ∙ 𝜎௙௨ (once exceed, 𝑃 = 0) 

Where, 

𝐴௙: cross-sectional area of fiber 

𝜎௙௨: apparent strength of fiber 
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5.2 Empirical Formulas 

 

    Based on the test results, several empirical formulas focusing on coefficient 𝐴, 𝐵, 𝐶, 𝑓௣, 𝑎𝑛𝑑 𝑓௦ 

are proposed, as shown in Fig. 5.1. The matrix strength based on the average value of uniaxial 

compression test results is used in the fitting. For coefficient A, a constant value on average is considered 

because it is difficult to predict the variation. For the other coefficients, a linear fitting calculated by the 

least square method is adopted. Overall, the calculated results are conservative. Thus, Eq.(5.6) to Eq.(5.9) 

are proposed based on the empirical formula. 

𝑃௠௔௫,଴ = 17.02 ∙ 𝑙௕
଴.଴ଵଶଽఙೞା଴.଴ଶହ଼     (5.6) 

𝛿௠௔௫,଴ = (0.0002𝜎௦ + 0.0170) ∙ 𝑙௕     (5.7) 

𝑃௠௔௫ = 𝑃௠௔௫,଴
∙ 𝑒(ି଴.଴ଵଶଶ ೞା଴.଻ହଵସ)∙ ఏ     (5.8) 

𝛿௠௔௫ = δ௠௔௫,଴ ∙ 𝑒(ି଴.଴ଶଽ ೞାଶ.ସ଴଻ହ)∙ ఏ     (5.9) 

Where, 

𝑙௕: embedded length of the fiber 

𝜎௦: matrix strength 

𝜃: inclined angle 

     It should be noted that Eq.(5.6) to Eq.(5.9) are validated based on the hypothesis that these 

coefficients are influenced independently by 𝜎௦. The application range is limited to the behavior of 

bundled aramid fibers in a cementitious matrix because completely different properties might be 

observed on different types of fiber or matrix. Also, because of the limitations of the experiment data, a 

non-linear relationship might be found in the matrix with much higher strength than in this experiment.  
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Figure 5.1 Linear fitting formula of the test result 
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5.3 Constitution of Bridging Law 

 

    The constitution of the bridging law is based on previous studies [2]. The bridging stress is defined 

as the total fiber pullout load divided by the cross-sectional area of the matrix. The fiber orientation 

distribution is expressed by adopting the elliptic distribution. The snubbing effect and the degradation 

of the apparent fiber strength are also considered in the calculation. 

    Fig. 5.2 shows the definitions of coordinate system and the fiber angle. The fiber angles, 𝜃 and 

𝜙, are the angles between the x-axis and the projected lines of the fiber(angle of Ψ to x-axis) to x-y 

and z-x planes. With the increment of the angle Ψ, the pullout load increases due to the snubbing effect. 

The elliptic distribution is considered for each of the x-y and z-x planes. Thus, the bridging stress can 

be expressed by Eq.(5.10). 

𝜎௕௥௜ௗ௚௘(𝛿) =
௉್ೝ೔೏೒೐(ఋ)

஺೘
  

=
௏೑

஺೑
 ∙  ∑ ∑ ∑ 𝑃௜௝(𝛿, Ψ) ∙ 𝑝௫௬(𝜃௜) ∙ 𝑝௭௫(𝜙௝) ∙ 𝑝௫(𝑦௛ , 𝑧௛) ∙ Δ𝜃 ∙ Δ𝜙 ∙ (Δ𝑦 ∙ Δ𝑧)௜௝௛   

(5.10) 

Where, 

𝜎௕௥௜ௗ௚௘: bridging stress 

𝑃௕௥௜ௗ௚௘: bridging force(= total of pullout load) 

𝐴௠: cross-sectional area of the matrix 

𝑉௙: fiber volume friction 

𝐴௙: cross-sectional area of a fiber 

𝑃௜௝(𝛿, Ψ): pullout load of single fiber 

𝑝௫௬, 𝑝௭௫: probability based on elliptic distribution 

𝑝௫: probability of fiber distribution along x-axis 

Ψ: fiber angle to x-axis 

𝜃: angle between x-axis and projected line of the fiber to x-y plane 

𝜙: angle between x-axis and projected line of the fiber to z-x plane 

 

The probability distribution function for elliptic distribution is expressed by Eq.(5.11) 

𝑝(𝜃) =
√௞

గ
∙

஼

ୡ୭ୱమ ఏା஺௦௜௡ఏା஻௦௜௡మఏ
      (5.11) 

𝐴 =
(ଵି௞)௦௜௡ଶఏೝ

ଵା(௞ିଵ) ୱ୧୬మ ఏೝ
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𝐵 =
௞ି(௞ିଵ) ୱ୧୬మ ఏೝ

ଵା(௞ିଵ) ୱ୧୬మ ఏೝ
  

𝐶 =
ଵ

ଵା(௞ିଵ) ୱ୧୬మ ఏೝ
  

Where, 

𝑘: orientation intensity 𝑘 

𝜃௥: principal orientation angle 

 

 
Fig. 5.2 Definitions of the coordinate system and fiber angle [12] 
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The input values for the calculation of the bridging law are shown in Table 5.1. The input values 

are calculated by fitting formulas shown in Fig. 5.1. The fiber volume fraction is set to 1%. The principal 

orientation angles are set to zero for calculation simplification. The width of the crack at the maximum 

load is set to be 1.5 times the slip at the maximum pullout load [12], and the orientation intensity is set 

as k=15 [9]. 

 
Table 5.1 Input values for the bridging law 
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5.4 Calculation Results 

 

    The results of bridging law calculation are shown in Fig. 5.3. The mark “○” of the curve indicates 

the maximum tensile stress. 

    It is apparent from Fig. 5.3, the improvement of the matrix strength positively influences the tensile 

behavior on FRCC. The maximum tensile stress increases almost proportionally as the matrix strength 

becomes larger.  

 

 
Figure 5.2 Calculation results of the bridging law 
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Chapter 6 Conclusions 
 

    Based on the results of this experiment and the calculation of the bridging law, the following 

conclusions are drawn: 

1. In the pullout test of a single bundled aramid fiber, the fiber was pulled out from the matrix without 

observing any rupture or peeling of the matrix in most of the test series. In some specimens with a 

fiber inclined angle of 30°, 45°, 60°, and a long embedded length, clear damage was observed in 

the embedded area of fibers. A clear rupture in the fibers was also observed under the same 

conditions. 

2. A power function relationship between the maximum pullout load and the embedded length was 

found. The relationship changes to a nearly linear function with increasing matrix strength. This 

indicates that the constant bond resistance on the interface is more obvious in the matrix with higher 

strength. Slip at the maximum pullout load increased as the embedded length became larger, and it 

is expressed by a linear relationship. 

3. The snubbing effect was observed for all test series of the matrix strength. The coefficient of the 

snubbing effect decreases as the strength of the matrix increases. The same method was applied for 

the slip at the maximum pullout load, and a similar tendency was observed from the result. 

4. The pullout behavior of a single fiber was modeled by the bilinear model based on the results of 

the pullout test. The bridging law which describes the tensile stress-crack width relationship was 

calculated based on this model. A group of empirical formulas are proposed based on the test results. 

The calculation result shows that the improvement of the matrix strength positively influences the 

tensile behavior on FRCC. The maximum tensile stress increases almost proportionally as the 

matrix strength becomes larger. 
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